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Abstract
A graph G is called F -saturated if G does not contain F as a subgraph (not necessarily
induced) but the addition of any missing edge to G creates a copy of F . The saturation number
of F , denoted by sat(n, F ), is the minimum number of edges in an n-vertex F -saturated graph.
Determining the saturation number of complete partite graphs is one of the most important
problems in the study of saturation number. The value of sat(n,K2,2) was shown to be ⌊
3n−5
2
⌋
by Ollmann, and a shorter proof was later given by Tuza. For K2,3, there has been a series of
study aiming to determine sat(n,K2,3) over the years. This was finally achieved by Chen who
confirmed a conjecture of Bohman, Fonoberova, and Pikhurko that sat(n,K2,3) = 2n− 3 for all
n ≥ 5. In this paper, we prove a conjecture of Pikhurko and Schmitt that sat(n,K3,3) = 3n− 9
when n ≥ 9.
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1 Introduction
All graphs in this paper are finite and simple. Throughout the paper we use the terminology and
notation of [23]. Given a graph G, we use |G|, e(G), δ(G), and ∆(G) to denote the number of
vertices, the number of edges, the minimum degree and the maximum degree of G, respectively. Let
G denote the complement graph of G. For any v ∈ V (G), let dG(v) and NG(v) denote the degree
and neighborhood of v in G, respectively, and let NG[v] = NG(v)∪{v}. We shall omit the subscript
G when the context is clear. For A,B ⊆ V (G) with A∩B = ∅, let A ∼ B denote that every vertex
in A is adjacent to every vertex in B. For S ⊆ V (G), we denote by G[S] the subgraph of G induced
by S. For positive integer k, we let [k] = {1, 2, . . . , k}. We denote a path, a cycle, a star, and a
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complete graph with n vertices by Pn, Cn, Sn, and Kn, respectively. For r ≥ 2 and positive integers
s1, . . . , sr, let Ks1,...,sr denote the complete r-partite graph with part sizes s1, . . . , sr.
Given a family of graphs F , a graph G is F-saturated if no member of F is a subgraph of G, but
for any e ∈ E(G), some member of F is a subgraph of G+ e. The saturation number of F , denoted
by sat(n,F), is the minimum number of edges in an n-vertex F-saturated graph. If F = {F}, we
also write sat(n, {F}) as sat(n, F ).
Saturation numbers were first studied in 1964 by Erdős, Hajnal, and Moon [14], who proved
that sat(n,Kk+1) = (k−1)n−
(k
2
)
. Furthermore, they proved that equality holds only for the graph
Kk−1 ∨ Kn−k+1, where ∨ denotes the standard graph joining operation. In 1986, Kászonyi and
Tuza in [18] determined sat(n, F ) for F ∈ {Sk, kK2, Pk}, and they proved that sat(n,F) = O(n)
for any family F of graphs. Since then, there has been extensive research on saturation numbers
for various graph families F .
We briefly survey some results in two main lines of research in this area, namely the saturation
numbers for cycles and complete multipartite graphs. The study of sat(n,Ck) was dated back to
1978 when Bollobás [3] asked the problem of estimating sat(n,Ck) for 3 ≤ k ≤ n. Exact values of
sat(n,Ck) are known only for k = 3, 4, 5 [14, 19, 22, 8], and for all even n ≥ 20 and odd n ≥ 17
[11, 12, 13]. For k ≥ 6, the exact value of sat(n,Ck) is not known and only bounds for these
numbers have been obtained. For k ≥ 7, Barefoot, Clark, Entringer, Porter, Székely, and Tuza [1]
proved that n(1 + 12k+8) ≤ sat(n,Ck) ≤ ckn + O(n), where ck is a function of k. Later on, Füredi
and Kim [16] gave the current best bounds:
(
1 + 1k+2
)
n − 1 ≤ sat(n,Ck) ≤
(
1 + 1k−4
)
n +
(
k−4
2
)
for all k ≥ 7 and n ≥ 2k − 5. In the same paper [16], they conjectured there exists a k0 such that
sat(n,Ck) =
(
1 + 1k−4
)
n + O(k2) for all k ≥ k0. The conjecture remains open, although many
researchers have been working it. It seems that determining the exact value of sat(n,Ck) even for a
particular value of k is a very difficult problem as mentioned by Faudree, Faudree, and Schmitt[15].
We now mention some results for complete multipartite graphs. When all but at most one
parts have size 1, Pikhurko [20] and Chen, Faudree, and Gould [7] independently determined the
saturation number of complete multipartite graphs with sufficiently large order. When there are at
least two parts of size at least 2, the exact value was only known for K2,2 and K2,3. The exact value
for K2,2 was first determined by Ollmann [19]. Later on, a shorter proof was given by Tuza [22].
For K2,3, there have been several papers aiming to determine sat(n,K2,3) over the years. This was
finally achieved by Chen [10] who confirmed a conjecture of Bohman, Fonoberova, and Pikhurko [2]
that sat(n,K2,3) = 2n−3 for all n ≥ 5. For the case where the graph has r parts and all parts have
size 2, Gould and Schmitt [17] conjectured that sat(n,K2,...,2) = ⌈((4r − 5)n − 4r
2 + 6r − 1)/2⌉,
and they proved the conjecture when the minimum degree of the K2,...,2-saturated graphs is 2r− 3.
It should be noted that the proof of all these results are quite technically involved and require
significant efforts. Other than these graphs, no result on the exact value is known. For general
complete multipartite graphs Ks1,...,sr with sr ≥ · · · ≥ s1 ≥ 1, Bohman, Fonoberova, and Pikhurko
[2] determined the asymptotic bound of sat(n,Ks1,...,sr) as n→∞.
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Theorem 1.1 ([2]) Let r ≥ 2 and sr ≥ · · · ≥ s1 ≥ 1. Define p = s1 + · · ·+ sr−1− 1. Then, for all
large n,
(
p+
sr − 1
2
)
n−O(n3/4) ≤ sat(n,Ks1,...,sr) ≤
(
p
2
)
+ p(n− p) +
⌈
(sr − 1)(n − p)
2
−
s2r
8
⌉
. (1)
In particular, sat(n,Ks1,...,sr) = (s1 + . . .+ sr−1 + 0.5sr − 1.5)n +O(n
3/4).
1.1 Our Contribution
We continue to study the saturation number for complete multipartite graphs. In light of the
known results, studying sat(n,K3,3) is the natural next step. In 2008, Pikhurko and Schmitt [21]
conjectured that sat(n,K3,3) = (3 + o(1))n. By considering the graph obtained from the join of an
edge with a K2,2-free 2-regular graph on n − 2 vertices, it follows that sat(n,K3,3) ≤ 3n − 7. For
sufficiently large n, this fact can also be deduced from Eq. (1). In this paper, we determine the
exact value of sat(n,K3,3). The main result of this paper is the following theorem.
Theorem 1.2 sat(n,K3,3) =


2n 6 ≤ n ≤ 8,
3n− 9 n ≥ 9.
To prove Theorem 1.2, we first prove that sat(n,K3,3) is at most the claimed value in Section
2 by constructing a n-vertex K3,3-saturated graph with 2n edges when 6 ≤ n ≤ 8 and 3n− 9 edges
when n ≥ 9. Then we prove that sat(n,K3,3) is at least the claimed value in Section 3.
2 Proof of the Upper Bound
In this section, for n ≥ 6, we construct an n-vertex K3,3-saturated graph Gn with sat(n,K3,3) edges.
Let G be a graph as depicted in Figure 1. Then Gn = G[{v1, . . . , vn}] for 6 ≤ n ≤ 11. It is easy to
verify that Gn (6 ≤ n ≤ 11) is K3,3-saturated and e(Gn) = 2n when 6 ≤ n ≤ 8; e(Gn) = 3n − 9
when 9 ≤ n ≤ 11.
Definition 2.1 For n ≥ 12, let H = K2 ∨ (C4 ∪ Cn−9 ∪ K1), where V (K2) = {v1, v2}, C4 =
v3v4v5v6v3, Cn−9 = v7v8 . . . vn−3v7, V (K1) = {vn−2}. Let Gn be the graph obtained from H by
adding new vertices {vn−1, vn} and new edges {vn−1v3, vn−1v5, vnv4, vnv6}.
Proposition 2.2 For n ≥ 12, the graph Gn defined in Definition 2.1 is K3,3-saturated and has
3n − 9 edges.
Proof. Clearly, e(G) = 2(n− 4) + (n− 5) + 4 = 3n− 9. Firstly, We show that Gn has no subgraph
isomorphic to K3,3. From the structure of Gn, we see that d(vn−1) = d(vn) = 2 and hence cannot lie
in a K3,3 subgraph. Since each vertex of C4∪Cn−9∪K1 has at most two neighbors in C4∪Cn−9∪K1
and |K2| = 2, we cannot find a copy of K3,3 in Gn.
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Let xy be an edge in the complement of Gn. It remains to show that the graph G
′ obtained by
adding xy to Gn has a K3,3 subgraph. Without loss of generality, we consider the following cases.
(a) If x = v1, y = v2 or x = vn−1, y = vn or x = v1, y = vn−1, then the subgraph of G
′ induced
by {x, v3, v5} ∪ {y, v4, v6} is a K3,3.
(b) If x ∈ {v4, v6, v7, . . . , vn−2} and y = vn−1, then the subgraph of G
′ induced by {x, v3, v5} ∪
{y, v1, v2} is a K3,3.
(c) If x = v3 and y ∈ {v7, . . . , vn−2}, then the subgraph of G
′ induced by {x, v1, v2} ∪ {y, v4, v6}
is a K3,3.
In all cases, G′ contains a copy of K3,3. Hence Gn is K3,3-saturated. This completes the proof
of Proposition 2.2.
Figure 1: The graph G.
3 Proof of the Lower Bound
In the rest of the paper, let G be aK3,3-saturated graph and a ∈ V (G) with d(a) = δ(G). Obviously,
we have d(a) ≥ 2. We partition V (G) into four parts V1, V2, V3 and V4, where V1 = N [a], V2 = {x ∈
V \V1 : |N(x)∩N(a)| ≥ 2}, V3 = {y ∈ V \(V1 ∪V2) : |N(y)∩N(a)| = 1} and V4 = V \(V1 ∪V2∪V3).
Let NG(a) = {a1, a2, . . . , ad(a)}. Let V2 =
⋃d(a)
i=2 V
i
2 , where V
i
2 = {x ∈ V2 : |N(x) ∩ V1| = i}. For
i1, i2, . . . , is ∈ [d(a)], let Vi1i2...is = {x ∈ V2 : N(x) ∩ V1 = {ai1 , ai2 , . . . , ais}}.
In the following, we will first describe some useful properties of K3,3-saturated graphs.
Proposition 3.1 The following statement hold.
(i) For any x, y ∈ V (G), if xy /∈ E(G), then there are {x1, x2} ⊆ N(x) and {y1, y2} ⊆ N(y) such
that {x1, x2} ∼ {y1, y2}.
(ii) For any x ∈ V \ V1 and for i, j ∈ [d(a)], we have |N(x) ∩N(ai) ∩N(aj)| ≤ 2.
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(iii) For any x ∈ V4 there exists i, j ∈ [d(a)] such that |N(x)∩N(ai)∩N(aj)| = 2. For any x ∈ V3
we have |N(x)∩ V2| ≥ 1. When G[V1\{a}] contains no K1,2, we have |N(x)∩ V2| ≥ 2 for any
x ∈ V \ V1, and in particular |V2| ≥ 3.
Proof. Since there is a copy of K3,3 in G + xy, (i) follows. If there is a vertex x ∈ V \ V1 such
that |N(x) ∩N(ai) ∩N(aj)| ≥ 3 for some i, j ∈ [d(a)], then we would obtain a copy of K3,3 in G,
a contradiction. This proves (ii). Since ax /∈ E(G) for any x ∈ V (G)\V1, we obtain the results in
(iii) by (i) and (ii).
Now we prove the lower bound. First we consider the case that 6 ≤ n ≤ 8. For i ∈ {2, 3, 4} and
x ∈ Vi, we define f(x) = |N(x)∩ (V1 ∪ · · · ∪Vi−1)|+0.5|N(x)∩Vi| − 2. Let si =
∑
x∈Vi
f(x), where
i ∈ {2, 3, 4}.
To prove sat(n,K3,3) ≥ 2n, we consider the minimum degree of the graph G. If δ(G) ≥ 4, then
we have e(G) ≥ 2n. So we assume that 2 ≤ δ(G) ≤ 3. We first observe that one can relate the
number of edges to s2, s3 and s4 in the following way.
e(G) = e(V1) + e(V2) + e[V1, V2] + e(V3) + e[V1, V3] + e[V2, V3] + e(V4) + e[V4, V2 ∪ V3]
= e(V1) + 2(|V2|+ |V3|+ |V4|) + s2 + s3 + s4
= e(V1) + 2(n − |V1|) + s2 + s3 + s4
Claim 1 If δ(G) = 2, then s2 + s3 + s4 ≥ |V2| + |V3|. If e(G[V1\{a}]) ≤ 1 and δ(G) ≥ 3, then
s2 + s3 + s4 ≥ |V2|+ |V3|+ |V4|. If e(G[V1\{a}]) ≥ 2, then s2 + s3 + s4 ≥ 0.5(|V2|+ |V3|+ |V4|).
Proof. Suppose that δ(G) = 2. Then f(x) ≥ 1 for any x ∈ V2 ∪ V3 and f(x) ≥ 0 for any x ∈ V4 by
proposition 3.1 (i). So s2+s3+s4 ≥ |V2|+ |V3|. Suppose that e(G[V1\{a}]) ≤ 1 and δ(G) ≥ 3. Then
f(x) ≥ 1 for any x ∈ V (G)\V1 by proposition 3.1 (i) and n ≤ 8. So s2+ s3+ s4 ≥ |V2|+ |V3|+ |V4|.
Suppose that e(G[V1\{a}]) ≥ 2. Then for x ∈ V2, f(x) ≥ 0.5; for y ∈ V3, f(y) ≥ 0.5 or there exists a
z ∈ V4 such that f(z) ≥ 1; for z ∈ V4, f(z) ≥ 0.5. Thus we have s2+s3+s4 ≥ 0.5(|V2|+ |V3|+ |V4|).
Suppose that δ(G) = 2. If a1a2 ∈ E(G), then e(G) ≥ 2n + |V2| + |V3| − 3 by Claim 1. By
Proposition 3.1 (iii), we have |V2| ≥ 3. So e(G) ≥ 2n. If a1a2 /∈ E(G), by proposition 3.1 (i), we
have |V2 ∪ V3| ≥ 4. So e(G) ≥ 2n.
Suppose that δ(G) = 3. If n = 6, then G[N(v)] is a complete graph for any v ∈ V (G) with
d(v) = 3. Since av /∈ E(G) for any v ∈ V (G)\V1, e(G) ≥ 2n by proposition 3.1 (i). If n = 7,
then e(G[V1\{a}]) ≥ 1 by proposition 3.1 (i). We have e(G) ≥ 2n by proposition 3.1 (i) when
1 ≤ e(G[V1\{a}]) ≤ 2 and e(G) ≥ 2n− 2+ s2 + s3 + s4 ≥ 2n− 2+ 0.5(|V2|+ |V3|+ |V4|) ≥ 2n− 0.5
when e(G[V1\{a}]) = 3. If n = 8, then e(G) ≥ 2n when e(G[V1\{a}]) = 1 or 3 by Claim 1. If n = 8
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and e(G[V1\{a}]) = 0, then e(G) = 2n + s2 + s3 + s4 − 5. So we need to show s2 + s3 + s4 ≥ 4.5.
If |V123| ≥ 1, then f(x1) ≥ 2 for any x ∈ V123. So s2 + s3 + s4 ≥ |V2| + |V3| + |V4| + 1 ≥ 5. If
|V123| = 0 and |V2| = 3, then |V2 ∩ Vij | = 3 for some i, j ∈ [3] and i 6= j, say {i, j} = [2], by
Proposition 3.1 (i). Since d(a3) ≥ 3, |V123| ≥ 1, a contradiction. If |V123| = 0 and |V2| = 4, then
we may assume that |V12| = |V23| = 2. Since a1a3 /∈ E(G), V12 ∼ V23 by Proposition 3.1 (i). Since
va3 /∈ E(G) for v ∈ V12, this contradicts to Proposition 3.1 (i) if f(x) = 1 for any x ∈ V12 ∪ V23.
So s2 + s3 + s4 ≥ 4.5. If n = 8 and e(G[V1\{a}]) = 2, then e(G) = 2n + s2 + s3 + s4 − 3. So we
need to show s2 + s3 + s4 ≥ 2.5. If f(x) = 0.5 for some x ∈ V (G)\V1, then f(y) ≥ 1 for some
y ∈ (V (G)\V1) ∩N(x). So s2 + s3 + s4 ≥ 2.5.
This completes the proof of the lower bound for 6 ≤ n ≤ 8.
In the following, we will prove the case for n ≥ 9. According to the partition of V (G), we define
g(x) = |N(x) ∩ (V1 ∪ · · · ∪ Vi−1)| + 0.5|N(x) ∩ Vi| − 3 for any x ∈ Vi and wi =
∑
x∈Vi
g(x), where
i ∈ {2, 3, 4}. Thus
e(G) =e(V1) + e(V2) + e[V1, V2] + e(V3) + e[V1, V3] + e[V2, V3] + e(V4) + e[V4, V2 ∪ V3]
=e(V1) + 3(|V2|+ |V3|+ |V4|) +w2 + w3 + w4
=e(V1) + 3(n − |V1|) + w2 + w3 + w4. (2)
We partition V4 into V
2
4 and V
3
4 , where V
3
4 = {z ∈ V4 : |N(z)∩ (V2∪V3)| ≥ 3} and V
2
4 = V4\V
3
4 .
Then we partition V 24 into V
20
4 and V
21
4 , where V
20
4 = {z ∈ V
2
4 : |N(z) ∩ V4| ≤ 1} and V
21
4 = {z ∈
V 24 : |N(z) ∩ V4| ≥ 2}.
Proposition 3.2 For any {x1, x2} ⊆ Vij , if |N(x1)∩N(x2)∩ V
20
4 | ≥ 3, then we have g(zi) = −0.5
and g(ci) ≥ 0.5 for any zi ∈ N(x1) ∩N(x2) ∩ V
20
4 and ci = N(zi) ∩ V4.
Proof. If |N(x1) ∩ N(x2) ∩ V
20
4 | ≥ 3, saying {z1, z2, z3} ⊆ N(x1) ∩ N(x2) ∩ V
20
4 , then d(zi) ≤ 3
for i ∈ [3]. For i, j ∈ [3] and i 6= j, since zizj /∈ E(G), then there must be d(zi) = 3 for otherwise
there is no K2,2 between N(xi) and N(xj) by Proposition 3.1 (i). We have g(zi) = −0.5 for any
zi ∈ N(x1) ∩ N(x2) ∩ V
20
4 . There exists zi ∈ N(x11) ∩ N(x12) ∩ V
20
4 such that zizj , zizk /∈ E(G),
where zj , zk ∈ (N(x11) ∩N(x12) ∩ V
20
4 )\zi. By Proposition 3.1 (i), we have {x1, ci} ∼ {x2, cj} and
{x1, ci} ∼ {x2, ck}. Note that cj 6= ck, otherwise contrary to zjzk /∈ E(G). So g(ci) ≥ 0.5. Since
zi, zj , zk ∈ V
20
4 , zjzk /∈ E(G). Similarly, we have g(cj) ≥ 0.5 and g(ck) ≥ 0.5.
3.1 δ(G) = 2
Recall that NG(a) = {a1, a2}. By (2), we have e(G) ≥ 3n− 7 + w2 + w3 + w4. Therefore, to prove
the lower bound, it suffices to prove
w2 + w3 + w4 ≥ −2.5. (3)
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Clearly, g(z) ≥ 0 for any z ∈ V2 ∪ V3 ∪ V
3
4 ∪ V
21
4 and −1 ≤ g(z) ≤ −0.5 for any z ∈ V
20
4 . Thus,
w2 ≥ 0, w3 ≥ 0. Therefore, to prove (3), it suffices to show that w4 ≥ −2.5.
Let V 204 = {z1, z2, . . . , z|V 20
4
|}. By Proposition 3.1 (iii), each vertex z ∈ V
20
4 has exactly two
neighbors in V2, so we let N(zi) ∩ V2 = {xi1, xi2}. Note that if g(zi) = −1, then N(zi) = {xi1, xi2}
and so zi has no neighbor in V
20
4 , and if g(zi) = −0.5, then d(zi) = 3 and zi has one neighbor in
V4. If N(zi) ∩ V4 6= ∅ for i ∈ [|V
20
4 |], we let ci ∈ N(zi) ∩ V4. By Proposition 3.1 (i) and (ii) and the
fact that δ(G) = 2, for any x ∈ V \ V1, we have |N(x) ∩ V2| = 2.
First we prove that there are no six pairwise distinct vertices x1, x2, . . . , x6 ∈ V2 such that
{x1, x2} ∼ {x3, x4}, {x3, x4} ∼ {x5, x6} and {x1, x2} ∼ {x5, x6}. For otherwise, {a1, a2, x1} ∼
{x3, x4, x5} and thus G[{a1, a2, x1, x3,4 , x5}] contains a K3,3, a contradiction. In particular, this,
together with Proposition 3.1 (i), implies that there are no three vertices in V4 whose g-values are
-1. If |V 204 | ≤ 3, then w4 ≥ −2.5. So we assume that that |V
20
4 | ≥ 4.
Claim 2 When |V 204 | ≥ 4, then there is at most one vertex z in V
20
4 with g(z) = −1.
Proof. Suppose that, by contradiction, that there are two vertices whose g-values are -1, say z1
and z2. Then z1z2 /∈ E(G) and the K2,2 between their neighbors is {x11, x12} ∼ {x21, x22}. Since
|V 204 | ≥ 4, there exists a vertex, say z3, such that z1z3 and z2z3 are not in E(G). By Proposition 3.1
(i), we have {x11, x12} ∼ {x31, ∗} and {x21, x22} ∼ {x32, ∗}. Since d(z3) = 3, there exists b ∈ N(z3)
such that b ∼ {x11, x12, x21, x22} by the pigeonhole principle. This contradicts that |N(b)∩V2| ≤ 2.
This proves the claim.
By Claim 2, if |V 204 | ≤ 4, then w4 ≥ −2.5. So we assume that that |V
20
4 | ≥ 5.
Claim 3 If there exists a vertex in V 204 whose g-value is -1, then w2 + w3 +w4 ≥ −2.5.
Proof. Without loss of generality, we assume that that g(z1) = −1. Recall that z1zi /∈ E(G) for
any i ∈ [|V 204 |]. First observe that there is no z ∈ V
20
4 \ {z1} with z ∼ {x11, x12}. Suppose that not.
Then |N(z) ∪N(z1)| = 3, and this contradicts the fact that z1z /∈ E(G) and Proposition 3.1 (i).
Next we prove that there are at least |V 204 |−2 vertices zi ∈ V
20
4 such that {x11, x12} ∼ {xi1, ci}.
Suppose that not. Then there exist two vertices, say z2 and z3, such that {x11, x12} ∼ {xt1, xt2} for
t = 2, 3. Since |N(x) ∩ V2| = 2 for any x ∈ V \ V1, {x21, x22} = {x31, x32}. Note that z2z3 ∈ E for
otherwise the non-edge z2z3 contradicts Proposition 3.1 (i). Since |V
20
4 | ≥ 5, there exists a vertex,
say z4, such that z4zp /∈ E(G) for any p ∈ [3]. By applying Proposition 3.1 (i) to z1z4, we have
{x4i, c4} ∼ {x11, x12} for some i ∈ {1, 2} and thus x4i ∈ {x21, x22}. Since c2 = z3, there is no K2,2
between N(z2) and N(z4), contradicting to Proposition 3.1 (i). This proves the statement.
Now we may assume that that for i ∈ {3, 4, . . . , |V 204 |}, we have {x11, x12} ∼ {xi1, ci}. Next we
show that g(ci) ≥ 0.5 for any i ∈ {3, 4, . . . , |V
20
4 |}. Since ciz1 /∈ E(G), there exist two neighbors
u and v of c such that {x11, x12} ∼ {u, v}. Then u, v /∈ {x11, x12, zi}. Therefore, d(ci) ≥ 5 and
thus g(ci) ≥ 0.5. Now we show that for i, j ∈ {3, 4, . . . , |V
20
4 |} with i 6= j, ci 6= cj . Since ci /∈ V
20
4 ,
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zizj /∈ E. By Proposition 3.1 (i), there is a K2,2 between N(zi) and N(zj). By considering the K2,2
between N(zk) and N(z1) for k ∈ {i, j}, it follows that the K2,2 between N(zi) and N(zj) must be
{xi2, ci} ∼ {xj2, cj}. So ci 6= cj . Now we have
w4 ≥ g(z1) + g(z2) +
|V 20
4
|∑
i=3
(g(zi) + g(ci)) ≥ −1.5.
This completes the proof.
By Claim 3, we have g(z) = −0.5 for every vertex z ∈ V 204 .
Claim 4 If g(z) = −0.5 for every vertex z ∈ V 204 , then w2 + w3 +w4 ≥ −2.5.
Proof. If |V 204 | ≤ 5, then w4 ≥ −2.5 and so the claim holds. So we assume that that in the following
that |V 204 | ≥ 6. For any zi ∈ V
20
4 \ {z1, c1}, z1zi /∈ E(G). By Proposition 3.1 (i), there is a K2,2
between N(zi) and N(z1). We consider different types of K2,2 as follows.
Type 1 : {x11, x12} ∼ {xi1, xi2};
Type 2 : {x11, x12} ∼ {xi1, ci};
Type 3 : {x1s, c1} ∼ {xi1, xi2}, where s ∈ {1, 2};
Type 4 : {x1s, c1} ∼ {xit, ci}, where s, t ∈ {1, 2}.
Let A0 = ∅. For j ∈ [4], let Aj be the set of vertices in V
20
4 \ (A0 ∪ ... ∪Aj−1) that are of Type
j. Let |Aj | = mj for j ∈ [4]. Note that m1 +m2 +m3 +m4 = |V
20
4 | − 1. For j ∈ [4], we define
Cj = {ci : zi ∈ Aj}.
Note that Cj and Ck may intersect where j 6= k. Moreover, C = {c1} ∪ C1 ∪C2 ∪ C3 ∪ C4.
We first claim that if A1 6= ∅, then we have w2 + w3 + w4 ≥ −2.5. Since |V
20
4 | ≥ 6, there exists
a vertex, say z3 ∈ V
20
4 , such that z3z1 /∈ E(G) and z3z2 /∈ E(G). By applying Proposition 3.1 (i) to
z1z3, there exist two vertices u, v ∈ N(z1) and two vertices s, t ∈ N(z3) such that {u, v} ∼ {s, t}. We
show that c1 ∈ {u, v} and c3 ∈ {s, t}. Note first that by Proposition 3.1 (ii), we have x31 ∈ {x21, x22}
and x32 ∈ {x11, x12}. So it cannot be that {u, v} = {x11, x12} and {s, t} = {x31, x32}. Suppose
that now that {x11, x12} ∼ {x31, c3}. Then x31 ∈ {x21, x22}. Since |N(c3) ∩ V2| = 2, there is no
K2,2 between N(z3) and N(z2), a contradiction. Suppose that that {x11, c1} ∼ {x12, x22}. Then
|N(x11) ∩ V2| ≥ 3, which contradicts Proposition 3.1 (ii). So we have proved that c1 ∈ {u, v} and
c3 ∈ {s, t}. In other words, the K2,2 between z1 and z3 is {x11, c1} ∼ {x31, c3}. This implies that
c3 /∈ V
20
4 and this means that z3 has no neighbors in V
20
4 . Similarly, the K2,2 between z2 and z3 is
{x21, c2} ∼ {x31, c3}. Since {x11, x12} ∼ {x21, x22}, we have x31 ∈ {x21, x22} and x32 ∈ {x11, x12}.
Note that V 204 has at least |V
20
4 | − 4 vertices that are adjacent to neither z1 nor z2, and there are
no edges between these vertices. For any two such vertices, say z3 and z4, we have that the K2,2
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between their neighbors is {x31, c3} ∼ {x42, c4}. So c4 6= c3. This means that for any z ∈ V
20
4
that is adjacent to neither z1 nor z2, its unique neighbor c ∈ V4 has at least 3 neighbors V4, and
so g(z) + g(c) ≥ 0. Moreover, for any two such vertices, their corresponding neighbors in V4 are
different. Therefore, w4 ≥ −2. Thus we assume that that A1 = ∅.
We claim that there exists a zi ∈ V
20
4 such that ci /∈ V
20
4 . Suppose that that c ∈ V
20
4 for
any z ∈ V 204 . Let z1, z2 ∈ V
20
4 with z1z2 /∈ E(G). Since z1z2 /∈ E(G), we may assume that
{x11, x12} ∼ {x21, c2}. There is no K2,2 between N(z1) and N(c2), which contradicts z1c2 /∈ E(G).
So we may assume that that c1 /∈ V
20
4 . We choose such z1, then we have |A2|+|A3|+|A4| = |V
20
4 |−1.
For any z ∈ A2, we have c /∈ V
20
4 for otherwise there is no K2,2 between N(z1) and N(c) by
cz1 /∈ E(G). This means that any z in A2 has no neighbor in V
20
4 . For any two vertices in A2, say
z2 and z3, z2z3 /∈ E(G). By Proposition 3.1 (i), we have {x22, c2} ∼ {x32, c3}. This implies that C2
is a clique.
For any two vertices in A3, say z4 and z5. We have {x41, x42} = {x51, x52} since |N(c1)∩V2| = 2.
Since z4z5 /∈ E(G), {x41, c4} ∼ {x51, c5}. This implies that C3 is a clique.
Suppose that that G[A4 ∪ C4] is a disjoint union of ℓ stars S1, . . . , Sℓ, where Si has center vi
and xi leaves for i = 1, . . . , ℓ. Then x1 + · · · + xℓ = |A4| and C4 = {v1, . . . , vℓ}. It follows that
g(vi) ≥ 2 + 0.5(xi + 1)− 3 = 0.5(xi − 1). So
ℓ∑
i=1
g(vi) ≥
ℓ∑
i=1
0.5(xi − 1) = 0.5|A4| − 0.5ℓ.
On the other hand, g(c1) ≥ 2 + 05(ℓ+ 1)− 3 = 0.5(ℓ− 1) = 0.5ℓ− 0.5. Therefore,
g(c1) +
ℓ∑
i=1
g(vi) ≥ 0.5|A4| − 0.5.
This implies that
g(c1) +
∑
c∈C4
g(c) +
∑
z∈A4
g(z) ≥ −0.5. (4)
Now we consider the following cases.
Case 1. |A2| ≥ 3 (or |A3| ≥ 3).
Since |A2| ≥ 3, C2 is a clique. In particular, every vertex in C2 has at least two neighbors in
V4 \V
20
4 . This implies that for any c ∈ C2, g(c) ≥ 0.5 and that every edge connecting c and a vertex
in V 204 contributes 0.5 towards w4.
Suppose that first that |A3| ≤ 2. Let A
′
4 = {zi ∈ A4 : ci ∈ C2} and A
′′
4 = A4 \ A
′
4. By the
observation we just made, ∑
z∈A2∪A′4
g(z) +
∑
c∈C2
g(c) ≥ 0,
and ∑
z∈A′′
4
g(z) +
∑
c∈C4
g(c) ≥ −0.5.
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This implies that w4 ≥ (−0.5) + (−1) + (0 +−0.5) = −2.
Now Suppose that that |A3| ≥ 3. Since |A3| ≥ 3, C3 is a clique. So every vertex in C3 has at
least two neighbors in V4 \ V
20
4 . This implies that for any c ∈ C3, g(c) ≥ 0.5 and that every edge
connecting c and a vertex in V 204 contributes 0.5 towards w4. Let A
′
4 = {zi ∈ A4 : ci ∈ C2 ∪ C3}
and A′′4 = A4 \A
′
4. By the observation we just made,∑
z∈A2∪A3∪A′4
g(z) +
∑
c∈C2∪C3
g(c) ≥ 0,
and ∑
z∈A′′
4
g(z) +
∑
c∈C4
g(c) ≥ −0.5.
This implies that w4 ≥ −0.5 +−0.5 = −1.
Case 2. |A2| ≤ 2 and |A3| ≤ 2.
By Equation (4), it follows that
∑
z∈A4
g(z) +
∑
c∈C4
g(c) + g(c1) ≥ −0.5.
If |A2| < 2 or |A3| < 2, then w4 ≥ −2.5. So we assume that that |A2| = |A3| = 2. Then
g(c1) +
∑
z∈V 20
4
g(z) +
∑
c∈C4
g(c) ≥ −0.5 +−1 +−1 +−0.5 = −3. (5)
Note that we only take into consideration the edges [{c1} ∪A4, C4] in (5).
Let A2 = {z2, z3}. Clearly, z2z3 /∈ E(G). TheK2,2 betweenN(z2) andN(z3)must be {x22, c2} ∼
{x32, c3}. If there is another neighbor in N(c2) \ {x11, x12, z2, c3}, then g(c2) ≥ 0.5. Otherwise,
N(c2) = {x11, x12, c3, z2}. Note that z1c2 /∈ E(G) or z1c3 /∈ E(G). By symmetry, we assume that
that c2z1 /∈ E(G). Observe that the K2,2 between N(z1) and N(c2) must be {x11, c1} ∼ {x12, c3}.
Thus g(c3) ≥ 0.5. In a conclusion, we find a new positive vertex with g-value at least 0.5. This
completes the proof.
3.2 δ(G) = 3
We choose a vertex a such that d(a) = 3 and e(G[V1]) is minimum. Clearly, we have |V123| ≤ 1.
We define g′(x) = |N(x) ∩ V1| + 0.5|N(x) ∩ (V2 \ V
2
2 )| − 3 for x ∈ V2 \ V
2
2 , g
′(x) = |N(x) ∩ (V1 ∪
(V2 \ V
2
2 ))| + 0.5|N(x) ∩ V
2
2 | − 3 for x ∈ V
2
2 , g
′(y) = |N(y) ∩ (V1 ∪ V2)|+ 0.5|N(y) ∩ (V3 ∪ V4)| − 3
for y ∈ V3 ∪ V4 and w
′
i =
∑
x∈Vi
g′(x), where i ∈ {2, 3, 4}. Let V ′i = {v ∈ Vi|g
′(v) < 0}, where
i ∈ {2, 3, 4}. Similar to (2), we have
e(G) = e(V1) + 3(n− |V1|) + w
′
2 + w
′
3 + w
′
4. (6)
And we define g∗(x) for x ∈ V \ V1. If g
′(y) ≥ 0.5 for y ∈ V3 ∪ V4, then g
′(y) first send at most
0.5 charges to its negetive neighbors in V ′3 ∪ V
′
4 averagly. We denote the results function as g
∗. For
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g′(x) ≥ 0.5 where x ∈ V2, g
′(x) send its value to its negetive in V ′2 . After this operation, g
′(y)
second send its value to its negetive neighbors in V ′2 . For convenience, we usually use 0.25 and 0.5
as a basic sending value. For example, if {x1, x2} ⊆ N(y) ∩ V
′
2 for y ∈ V3 and N(y) ∩ |V \ V
′
4 | ≥ 2,
then we have g∗(xk) ≥ 0 for k ∈ [2] as a result of xk can obtain at least 0.5 from g
′(y). We shall
consider three different cases in terms of the number of edges in G[V1].
Claim 5 If e(G[V1]) = 6, then w
′
2 +w
′
3 + w
′
4 ≥ −3.5.
Proof. We first show if |N(x)∩N(ai)∩N(aj)| ≥ 2 for any x ∈ V2, then x ∈ Vij . Let N(x)∩N(a1)∩
N(a2) = {x1, x2}. Suppose that that x /∈ V12. Then x ∈ N(a3). However, {a3, x1, x2} ∼ {x, a1, a2},
a contradiction. We shall prove the claim by proving w′2 ≥ −2.5 and w
′
3 + w
′
4 ≥ −1.
We first show that w′3 + w
′
4 ≥ −1. Note that this is true if |V
′
3 |+ |V
′
4 | ≤ 2. So we may assume
that |V ′3 | + |V
′
4 | ≥ 3. If y1 ∈ V
′
3 , then N(y1) = {ai, x0, b1} where x0 ∈ V2 and b1 ∈ V3 ∪ V4. By the
choice of a, we have x0 ∈ V123 and N(b1)∩V1 = {ai}. We first assume that that |V
′
3 | ≥ 3. We claim
that V ′3 is an independent set. Suppose that, by contradiction, that y1, y2 ∈ V
′
3 with y1y2 ∈ E(G).
Since |V ′3 | ≥ 3, there exists a vertex y3 ∈ V
′
3 with y1y3 /∈ E(G). Similar to y1, we assume that
that N(y3) = {aj , x0, b3}, where b3 ∈ V3. Observe that the K2,2 between N(y1) and N(y2) must be
{ai, y2} ∼ {x0, b2} or {x0, y2} ∼ {aj , b2}. Since y2 ∈ V
′
3 , y2b2 /∈ E(G), a contradiction.
For any y1, y2 ∈ V
′
3 , we have y1y2 /∈ E(G). Observe that theK2,2 between N(y1) and N(y2) must
be {ai, b1} ∼ {x0, b2} or {x0, b1} ∼ {aj , b2}, and thus b1b2 ∈ E(G). This implies that any neighbor
bof y ∈ V ′3 has at least 2 neighbors in V3 \ V
′
3 and so g
′(b) ≥ 0.5. Thus w′3 ≥ 0. We second asssume
that |V ′4 | ≥ 3. We claim that V
′
3 is an independent set. Suppose that not, there are z1, z2 ∈ V
′
4 with
z1z2 ∈ E(G). There is z3 ∈ V
′
4 and z1z3 /∈ E(G), but there is no K2,2 between N(z1) and N(z3),
contradiction. Let N(zi) = {xi1, xi2, ci} for any zi ∈ V
′
4 . For any two vertices z1 and z2 in V
′
4 ,
z1z2 /∈ E(G). Observe that the K2,2 between N(z1) and N(z2) must be {x11, c1} ∼ {x21, c2}, and
thus c1c2 ∈ E(G). And for any z ∈ V
′
4 , we have g
′(c) ≥ 0.5 where c = N(z)∩V4. Therefore, w
′
4 ≥ 0.
In a conclusion, if |V ′3 | ≥ 3 and |V
′
3 | ≥ 3, then w
′
3 +w
′
4 ≥ 0. If |V
′
3 | ≥ 3 and |V
′
4 | ≤ 2 or |V
′
4 | ≥ 3 and
|V ′3 | ≤ 2, then w
′
3+w
′
4 ≥ 0+(−1) ≥ −1. If |V
′
3 | ≤ 2 and V
′
4 ≤ 2 with V
′
3 6= ∅ and V
′
4 6= ∅, then there
are y ∈ V ′3 and z ∈ V
′
4 . And yz /∈ E(G). Let N(y) = {ai, x0, b} and N(z) = {x1, x2, c}. If the K2,2
between N(z) and N(y) is {x1, x2} ∼ {ai, b}, then g
′(b) ≥ 0.5. If the K2,2 is {x1, c} ∼ {ai, ∗}, then
g′(c) ≥ 0.5. If the K2,2 is {x1, c} ∼ {x0, b}, then g
′(b) ≥ 0.5. There must be |V ′3 | = 2 or |V
′
4 | = 2.
similar with above, we have w′3 +w
′
4 ≥ −1.
Next we prove w′2 ≥ −2.5. We may assume that that |V
′
2 | ≥ 6. Then there exist |Vij | ≥ 2 for
i, j ∈ [3], say V12. For any two vertice x1, x2 ∈ V
′
2 ∩ V12, then x1x2 /∈ E(G). Let N(xs) ∩ V2 = xs1
for s ∈ [2]. Let {ys1, ys2} ⊆ N(xs) ∩ V3 and {zs1, zs2} ⊆ N(xs) ∩ V4 for s ∈ [2] if they exist. We
consider the cases of K2,2 between N(x1) and N(x2) as shown in Table 1.
A0: There is at most one vertex satisfying the case for fixed vertex x1.
A and A1: There exists y ∈ V3 such that |N(y) ∩ V2| ≥ 2 and d(y) 6= 3. Thus g
′(y) ≥ 0.5.
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Table 1: The cases of K2,2 between N(x1) and N(x2). Here × means that the case is impossible.
x1
x2 {aj , x21} {aj , y21} {aj , z21} {x21, y21} {x21, z21} {y21, y22} {y21, z21} {z21, z22}
{ai, x11} A0 A1 × A × A × ×
{ai, y11} A1 B1 × B1 × B × ×
{ai, z11} × × × B1 × B × ×
{x11, y11} A B1 B1 A A A A C
{x11, z11} × × × A C A A C
{y11, y12} A B B A A D D F
{y11, z11} × × × A A D G E
{z11, z12} × × × C C F E H0
B and B1: There exists y ∈ V3 such that y /∈ N(a3) and |N(y) ∩ V3| ≥ 1. Thus |N(y) ∩ V2| ≥ 2 and
g′(y) ≥ 0.5.
C: Since {z21, z22} ⊆ N(x11) ∩ N(x2) and N(x11) ∩ V1 6= N(x2) ∩ V1, |N(z21) ∩ V2| ≥ 3. Thus
g′(z21) ≥ 0.5 and g
′(z22) ≥ 0.5.
D: If g′(y11) = 0 and g
′(y12) = 0, then N(y11) = N(y12) = {a3, x1, y21, y22} and y11y12 /∈ E(G).
By Proposition 3.1 (i), we have g′(y21) ≥ 1.
E: If g′(y11) = g
′(z12) = g
′(z21) = g
′(z22) = 0, then we can’t find a K2,2 betweeen N(y11) and
N(z11), a contradiction to Proposition 3.1 (i).
F : If g′(y11) = g
′(z12) = 0, then y11y12 /∈ E(G), there is no K2,2 between N(y11) and N(y12), we
get a contradiction to Proposition 3.1 (i).
G: If g′(y11) = g
′(z11) = 0, then y11z11 /∈ E(G). By Proposition 3.1 (i), we have g
′(y21) ≥ 0.5
and g′(z21) ≥ 0.5.
H0: If g
′(z11) = 0, then z11x11 /∈ E(G). By Proposition 3.1 (i), we have g
′(y21) ≥ 0.5 or g
′(b1) ≥ 0.5
for some b1 ∈ N(x1).
For cases A through G, there is g∗(x1) ≥ 0 or g
∗(x2) ≥ 0. We show that each case except A0
can contribute at least 0.25 to g′(x1) or g
′(x2). Cleary, we just need consider H0. If there is H0
with g′(z11) = g
′(z12) = g
′(z21) = g
′(z22) = 0, then z11z12 /∈ E(G) and z21z22 /∈ E(G), and thus
N(zij) ∩ V2 = {x1, x2} for i, j ∈ [2]. In this case z11x11 /∈ E(G) where x11 is the neighbor of x1 in
V2, then there is no K2,2 between N(z11) and N(x11), a contradiction. Therefore, there exists some
g(zij) ≥ 0.5 for i, j ∈ [2].
Next we deal with A0. Note that we only need to consider the case that |V
′
12| = |V
′
13| = |V
′
23| = 2
and for any i, j ∈ [3], for otherwise we are done. In this case, we want to find a new positive vertex.
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Here we assume that that x1, x2 ∈ V
′
12, x3, x4 ∈ V
′
23 and x5, x6 ∈ V
′
13. And by the case of A0,
x51 ∈ V12, x61 ∈ V23, x31 ∈ V12 and x41 ∈ V13. If there exists xk1 with g
′(xk1) ≥ 0.5 for some
k ∈ [4], then it is a new positive vertex. Therefore, we assume that that g′(xk1) = 0 for any k ∈ [4].
We may assume that that N(x31) ∩ V2 = {x3, x311}. The case that x1x31 /∈ E(G) is similar to the
case that x1x2 /∈ E(G) except that we have to consider one more case, namely the case that the
K2,2 consists of {x3, x311}. But it is easy to check that there is some positive new vertex in that
case. For A1, B1 and H0, they can contribute at least 0.25 to g
′(x1) or g
′(x2). This proves that
w2 ≥ −2.5.
Therefore, w′2 + w
′
3 + w
′
4 ≥ −1 +−2.5 = −3.5.
Claim 6 If e(G[V1]) = 5, then w
′
2 +w
′
3 + w
′
4 ≥ −2.5.
Proof. Since e(G[V1]) = 5, we can assume that that a2a1, a2a3 ∈ E(G). For any yi ∈ V
′
3 , we have
d(yi) = 3 and let N(yi) = {a2, xi, bi}. Since d(yi) = 3, bi ∈ N(a2) ∩N(xi).
We first show that w′3 +w
′
4 ≥ −1.5. If |V
′
3 |+ |V
′
4 | ≤ 3, then the result holds. So we assume that
that |V ′3 |+ |V
′
4 | ≥ 4. We will show that for any y ∈ V
′
3 , N(y) ∩ V2 ⊆ {x0, x1} and |N(x1) ∩ V
′
3 | ≤ 2,
where x0 ∈ V123 and x1 ∈ V13 is some fixed vertex. Suppose that that there exist y1, y2 ∈ V
′
3 with
N(yi) = {a2, xi, bi}, i ∈ [2] and x0, x1, x2 are pairwise distinct. Since x1 6= x2, y1y2 /∈ E(G). If
there is a K2,2 between N(y1) and N(y2), then |N(bi) ∩ V13| ≥ 2. Then there will be a K3,3, i.e.,
{a1, a3, bi} ∼ {x1, x2, a2}, a contradiction. And if |N(x1)∩V
′
3 | ≥ 3, then there are y1, y2 ∈ N(x1)∩V
′
3
with y1y2 /∈ E(G). However, there is no K2,2 between N(y1) and N(y2), a contradiction. Moreover,
if |N(x1) ∩ V
′
3 | = 2 and {yi, yj} = N(x1) ∩ V
′
3 , then yiyj ∈ E(G). If |V
′
3 | ≥ 4 and V
′
4 = ∅, then
there must be |N(x0) ∩ V
′
3 | ≥ 3. Let yi, yj ∈ N(x0) ∩ V
′
3 and yiyj /∈ E(G). Then bibj ∈ E(G). So
g′(bi) ≥ 0.5 for any yi ∈ N(x0)∩ V
′
3 . We assume that that V
′
4 6= ∅. Let N(zi) = {xi1, xi2, ci}. Since
e(G[V1 \ {a}]) = 2 and d(zi) = 3, cixi1 ∈ E(G) or cixi2 ∈ E(G). We delete such zi from V
′
4 if its
neighbor ci in V3∪V4 satisfies that |N(ci)∩(V1∪V2)| ≥ 3 or |N(ci)∩(V3∪V4)\(V
′
3 ∪V
′
4)| ≥ 2. When
there exists some vertex z1 ∈ V
′
4 andN(z1)∩(V12∪V23) 6= ∅, consider z1ak /∈ E(G) for k ∈ [3]. By the
deleting operation from V ′4 , there are at least four vertices yi such that {x11, x12, a1(a2)(a3)} ⊆ N(yi)
for i ∈ [4]. Since z1yi /∈ E(G), g
′(yi) ≥ 0.5 and N(yi) ∩ (V3 ∪ V4) \ (V
′
3 ∪ V
′
4) 6= ∅. Thus we find
four positive vertices that we don’t use them to offset any negetive vertices. Then we only need
to prove w′3 + w
′
4 ≥ −3.5. So we can assume that that |V
′
3 | + |V
′
4 | ≥ 8. For any z2 ∈ V
′
4 and
z1z2 /∈ E(G), then there are only three possible cases, {x11, x12} ∼ {x21, c2}, {x11, c1} ∼ {x21, x22}
and {x11, c1} ∼ {x21, c2}. If |V
′
3 | ≥ 3, then we consider |V
′
4 | ≥ 8. If not, we consider |V
′
4 | ≥ 6. Then
there are at least four vertices z2 with {x11, x12} ∼ {x21, c2} or {x11, c1} ∼ {x21, c2}, we name them
z2, z3 and z4. Since there is no edges in {z2, z3, z4}, there exists c2 such that |N(c2)∩ (V1∪V2)| ≥ 3
or |N(c2) ∩ (V3 ∪ V4)\(V
′
3 ∪ V
′
4)| ≥ 2, contradicting with deleting. Therefore, w
′
3 + w
′
4 ≥ −3.5.
When there is no such z1, i.e., V
′
4 ⊆ N(V13). If V
′
3 6= ∅, the K2,2 between N(z1) and N(y1)
must be {x0, b1} ∼ {x11, c1} and the K2,2 between N(z1) and N(z2) is {x11, c1} ∼ {x22, c2}. Then
w′3 +w
′
4 ≥ −1.5. Thus V
′
3 = ∅. If there exists z1z2 ∈ E(G) and {x11, x12} = {x21, x22}, we consider
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V ′2 . If |V
′
2 | ≤ 1, then |V
′
4 | ≥ 5. Then z1z3 /∈ E(G) and so the K2,2 must be {x11, x12} ∼ {x31, c3},
and {c3, c4, c5} is a clique, contradicting with the deleting operation. Now we consider |V
′
2 | ≥ 2.
Let x1 ∈ V
′
2 . Then z1x1 /∈ E(G). This implies that there exists a neighbor x11 of x1 such that
g′(x11) ≥ 0.5 having no relation with any negetive vertex. So |V
′
4 | ≥ 5 and this leads to the same
contradiction as above. If there is no such z1 with z1z2 ∈ E(G) and {x11, x12} = {x21, x22}, then
there is no {x11, x12} ∼ {x21, x22} because when z1z2 ∈ E(G), then x11x12 ∈ E(G). There always
exists ci satisfying the condition that deletes zi, a contradiction.
We now deal with w′2. We shall prove w
′
2 ≥ −1. Suppose that that x1, x2 ∈ V
′
2 . Then
x1, x2 ∈ N(a2) and x1x2 /∈ E(G). Let N(x1) ∩ V1 = {ai, a2} and N(x2) ∩ V1 = {aj , a2}. Let
N(xs) ∩ V2 = xs1 for s ∈ [2]. Let {ys1, ys2} ⊆ N(xs) ∩ V3 and {zs1, zs2} ⊆ N(xs) ∩ V4 for s ∈ [2] if
they exist. Note that if x ∈ V ′2 , then g
′(y) ≥ 0 for any y ∈ N(x) ∩ V3. For any x11 ∈ N(x) ∩ V2, we
have x11 ∈ V13. We consider the cases of K2,2 between N(x1) and N(x2) as shown in Table 2.
Table 2: The cases of K2,2 between N(x1) and N(x2). Here × means that the case is impossible.
x1
x2 {a2, x21} {a2, y21} {a2, z21} {x21, y21} {x21, z21} {y21, y22} {y21, z21} {z21, z22}
{ai, x11} × × × A × A × ×
{ai, y11} D B × B × B × ×
{ai, z11} × × × B × B × ×
{x11, y11} × × × B B B B B
{x11, z11} × × × B C B B C
{y11, y12} D B B B B B B B
{y11, z11} × × × B B B B B
{z11, z12} × × × B C B B E
A: There exists y ∈ V3 such that |N(y) ∩ V2| ≥ 3. Thus g
′(y) ≥ 1.
B: There exists y ∈ V3 such that |N(y)∩V2| ≥ 2 and y has a neighbor in V3∪V4. Thus g
′(y) ≥ 0.5.
C: There exists z ∈ V4 such that |N(y)∩V2| ≥ 3 and z has a neighbor in V3∪V4. Thus g
′(z) ≥ 0.5.
D: If g′(y11) = 0, then x21 = x11. Since y11ai /∈ E(G), g
′(x11) ≥ 0.5 or there exists y ∈ N(ai)∩V3
with g′(y) ≥ 1 by {x1, x11} ⊆ N(y).
E: Suppose that g′(zst) = 0 for any s, t ∈ [2]. Then we have zst ∩ V2 = {x1, x2} and ai = aj .
Since x11z11 /∈ E(G), there exists b ∈ V3 ∪ V4 such that {x1, x2} ⊆ N(b) ∩ V2. If d(b) ≥ 4,
then g′(b) ≥ 0.5. Otherwise, we have x11 = x21. Let x
′ ∈ (V 22 \V12 ∪ {x11}). Then there exists
b′ ∈ N(x1) ∩N(x2) ∩N(x
′) ∩ (V3 ∪ V4) and d(b
′) ≥ 4. So g′(b′) ≥ 0.5.
In each case, we get one vertex with positive charge, which sends at least 0.25 charges to its
neighbors with negative charge.
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Claim 7 If e(G[V1]) ≤ 4, then w2 +w3 + w4 ≥ −0.5.
Proof. Suppose that that e(G[V1]) ≤ 4. For any v ∈ V2 ∪ V3, we have g(v) ≥ 0. Thus w2 ≥ 0 and
w3 ≥ 0. We have g(z) ≥ −0.5 for any z ∈ V
20
4 and g(z) ≥ 0 for any z ∈ V4\V
20
4 . By (2), we shall
prove
w4 ≥ −0.5. (7)
If |V 204 | ≤ 1, then w4 ≥ −0.5 and (7) holds. Thus we assume that that |V
20
4 | ≥ 2. If ci ∈ N(zi)
where zi ∈ V
20
4 , |N(ci) ∩ (V2 ∪ V3)| ≥ 3 or |N(ci) ∩ (V4 \ V
20
4 )| ≥ 2, then we may delete all such zi
from V 204 .
Since z1ai /∈ E(G), it follow from some careful case analysis that we can find some positive g-
value vertices such that the sum of their g-values is at least 2 without calculating the edges incident
with vertices in V 204 . If |V
20
4 | ≤ 5, then w4 ≥ −0.5 and we are done. So we assume that that
|V 204 | ≥ 6.
For any z1zi /∈ E(G) where z1, zi ∈ V
20
4 , the possible cases between their neighbors are as
follows.
Case 1 : {x11, x12} ∼ {xi1, xi2};
Case 2 : {x11, x12} ∼ {xi1, ci};
Case 3 : {x1s, c1} ∼ {xi1, ci};
Case 4 : {x1t, c1} ∼ {xi1, xi2}.
If there are two vertices z2, z3 of Case 1, then {x21, x22} = {x31, x32} for otherwise there is aK3,3:
{ai, x11, x12} ∼ {x21, x22, x31}. If there exists z2 of Case 1 and z3 of Case 2, then x31 ∈ {x21, x22}
and if z2z3 /∈ E(G), then there is no proper K2,2, a contradiction. By the deleting operation from
V 204 , there is at most one vertex of Case 3 and if z4, z5 of Case 4, then {x41, x42} = {x51, x52}. Since
|V 204 | ≥ 6, then it follows that zi should be deleted from V
20
4 , a contradiction.
3.3 δ(G) = 4
We choose a vertex a such that d(a) = 4 and e(G[V1]) is minimum. We consider several cases
according to the subgraphs induced by V1 \ {a}.
Claim 8 If G[V1\{a}] contains no K1,2, then we have e(G) ≥ 3n− 9.
Proof. Since G[V1\{a}] contains no K1,2, g(x) ≥ 0 for any x ∈ V (G)\V1. Moreover, g(x) ≥ k − 2
for any x ∈ V k2 , where 2 ≤ k ≤ 4. Then e(G) ≥ 3n− 11 + w2 + w3 + w4. We shall prove
w2 + w3 + w4 ≥ 1.5 − e(G[V1\{a}]). (8)
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If V 42 6= ∅ or |V
3
2 | ≥ 2, then (8) holds. Suppose that that V
3
2 = {x1} and a1x1 /∈ E(G). If
V 34 6= ∅, then w2 + w4 ≥ 1.5 and so (8) holds. So we assume that that V
3
4 = ∅. Then g(x) ≥ 0.5
for any x ∈ V3. Thus we assume that that V3 = ∅. By Proposition 3.1 (i) applied to a1x1 /∈ E(G),
there are {a11, a12} ⊆ N(a1) and {x11, x12} ⊆ N(x1) such that {a11, a12} ∼ {x11, x12}. Note that
{a11, a12} ⊆ V2 and there exists x1i ∈ V2 for i ∈ [2]. So g(x1i) ≥ 0.5 and (8) holds.
Suppose that that V 32 = ∅. assume that that V12 6= ∅ and x1 ∈ V12. Since x1a3, x1a4 /∈
E(G), there are {x11, x12, x13, x14} ⊆ N(x1), {a31, a32} ⊆ N(a3), {a41, a42} ⊆ N(a4) such that
{x11, x12} ∼ {a31, a32} and {x13, x14} ∼ {a41, a42}. Suppose that that a31 = a4. Then g(x11) ≥ 0.5
by Proposition 3.1 (iii) and (8) holds. Suppose that that a42 ∈ V3. Then {x13, x14} ⊆ V (G)\V1. If
|N(a42)∩ (V2 ∪ V3)| ≥ 4, then g(a42) ≥ 0.5. Otherwise we have g(z) ≥ 0.5 for any z ∈ N(a42)∩ V4.
By Proposition 3.1 (iii), we have |x1i ∩ V2\{x1, a41}| ≥ 1 for i ∈ {3, 4}. Hence, g(x1i) ≥ 0.5 when
x1i ∈ V2 ∪ V3; g(x1i) ≥ 1 when x1i ∈ V4, where i ∈ {3, 4}. Thus (8) holds.
Suppose that that {a31, a32, a41, a42} ⊆ V2. If {a31, a32} ∩ {a41, a42} 6= ∅, then x1i ∈ V (G)\V1
for i ∈ [4]. If |{a31, a32} ∩ {a41, a42}| = 1, then g(x1i) ≥ 0.5 for i ∈ [4], and in particular, g(x1i) ≥ 1
if there exists i ∈ [2] and j ∈ {3, 4} such that x1i = x1j. Suppose that that {a31, a32} = {a41, a42}.
If {x11, x12} 6= {x13, x14} or e(G[V1\{a}]) ≥ 1, then (8) holds. Otherwise since a1a31 /∈ E(G),
there exists {a11, a12} ⊆ N(a1) and {a311, a312} ⊆ N(a31) such that {a311, a312} ∼ {a11, a12}. If
a311 /∈ {x11, x12}, then g(a311) ≥ 0.5, and (8) holds. If {a311, a312} = {x11, x12}, then g(x11) ≥ 1
and g(x12) ≥ 1. Thus (8) holds. Suppose that that {a31, a32} ∩ {a41, a42} = ∅. Then there exist
x1i ∈ V (G)\V1 and x1j ∈ V (G)\V1 for i ∈ [2] and j ∈ {3, 4}, say x11 and x13. Thus g(x11) ≥ 0.5,
g(x13) ≥ 0.5. If there exists x1i ∈ V (G)\V1 for i ∈ {2, 4}, then (8) holds. Otherwise since there
exists ai ∈ V1 such that aia31 /∈ E(G), there exists {ai1, ai2} ⊆ N(ai), {a311, a312} ⊆ N(a31) such
that {a311, a312} ∼ {a11, a13}. If there exists a311 /∈ {x11, x13}, then g(a311) ≥ 0.5 and (8) holds. If
{a311, a312} = {x11, x13}, then g(x13) ≥ 1 and (8) holds.
Next we consider cases where G[V1\{a}] contains a copy of K1,2. Since G contains no K3,3, for
any ai ∈ N(a), if aiaj, aiak ∈ E(G), then |N(x) ∩ Vjk| ≤ 1 for any x ∈ N(ai) ∩ (V3 ∪ V4).
Claim 9 When G[V1 \ {a}] is a star with a1 is the center, w
′
2 + w
′
3 + w
′
4 ≥ −0.5.
We shall prove w′2 + w
′
3 + w
′
4 ≥ −0.5. For any x ∈ V
′
2 and y ∈ N(x) ∩ V3, we have g
′(y) ≥ 0.5.
If |N(x) ∩ V3| ≥ 2 or |N(y) ∩ V2| ≥ |N(y) ∩ V
′
2 | + 1 for y ∈ N(x) ∩ V2, then g
∗(x) ≥ 0. Now for
any x ∈ V ′2 , we assume that |N(x) ∩ V3| ≤ 1 and N(y) ∩ V2 ⊆ V
′
2 for any y ∈ N(x) ∩ V3. Let
x1, x2 ∈ V
′
2 . Since G[V1 \ {a}] is a star, x1x2 /∈ E(G). Let N(xs) ∩ V2 = xs1 for s ∈ [2]. Let
{ys1, ys2} ⊆ N(xs) ∩ V3 and {zs1, zs2} ⊆ N(xs) ∩ V4 for s ∈ [2] if they exist. We consider the cases
of K2,2 between N(x1) and N(x2) as shown in Table 3.
A: If d(y11) ≥ 5, then g
′(y11) can send at least 0.5 charges to x1. If d(y11) = 4, then N(y11) =
{a2, y21(z21), x1, x3} and N(x2) ∩ V2 ⊆ N(x3) ∩ V2. Suppose that that G[V1 \ a] is a K1,3.
There is a K1,3 in N(y11), thus x1x3 ∈ E(G), a contradiction. Suppose that K1,2 ⊆ G[V1 \ a]
and K1,3 * G[V1 \ a]. Since y11a4 /∈ E(G), either g∗(x1) ≥ 0 or g∗(x2) ≥ 0.
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Table 3: The cases of K2,2 between N(x1) and N(x2). Here × means that the case is impossible.
x1
x2 {a2, x21} {a2, y21} {a2, z21} {x21, y21} {x21, z21} {y21, z21} {z21, z22}
{a1, x11} × × × × × × ×
{a1, y11} × A × × × × ×
{a1, z11} × × × × × × ×
{x11, y11} × × A × × × C
{x11, z11} × × × × D × D
{y11, z11} × × × × × B B
{z11, z12} × × × B D B E
B: For some i ∈ [2], since d(yi1) ≥ 5 and |N(yi1 ∩ (V3 ∪ V4)| ≥ 2, g
′(yi1) ≥ 1. Thus g
∗(xi) ≥ 0.
C: Since d(y11) ≥ 5 and g
′(y11) ≥ 1, it can send at least 0.5 charges to x1, then g
∗(x1) ≥ 0.
D: If x11x21 ∈ E(G), then g
′(xi1) ≥ 0.5 and g
′(xi1) can sent 0.25 charges to xi for i ∈ [2]. Since
g′(zi1) ≥ 0.5, it can sent 0.25 charges to xi for i ∈ [2]. Thus g
∗(xi) ≥ 0 for i ∈ [2].
E: For some i ∈ [2], if g′(zij) ≥ 0.5 for j ∈ [2], then g
∗(xi) ≥ 0. Otherwise, assume that
g′(z11) = 0 and g
′(z21) = 0. Let N(zi1) = {xi, xi0, zj1, zj2}, where {i, j} = [2]. Suppose that
G[V1 \a] is a K1,3. Then N(z11) contains a K1,3. Since xixi0 /∈ E(G) and zj1zj2 /∈ E(G), there
is no K1,3 in N(z11), a contradiction. Suppose that K1,2 ⊆ G[V1 \ a] and K1,3 * G[V1 \ a].
Since z11a4 /∈ E(G), then either there are two vertices y11, y12 ∈ N(x1) ∩ N(a4) or there is
g′(z21) ≥ 1 such that z21 can send at least 0.5 charges to x2. Thus g
′(x1) ≥ 0 or g
′(x2) ≥ 0.
In the following, we may assume that G[N(v)] is not a star for any v ∈ V (G) with d(v) = 4.
Claim 10 When G[V1 \ {a}] = P4 = a1a2a3a4, w
′
2 + w
′
3 + w
′
4 ≥ −1.5.
Proof. We may assume that that |V ′2 | ≥ 4 otherwise the result will naturally hold. Let U = {b ∈
V4| d(b) = 4 and |N(b) ∩ V2| = |N(b) ∩ V
′
2 | = 3}. For any v ∈ (V3 ∪ V4) \ U with g
′(v) ≥ 0.5, we
let b send 0.25 charges to every x1 ∈ N(b) ∩ V
′
2 . For any x ∈ V
′
2 , if N(x) ∩ U 6= ∅ or {b1, b2} ⊆
N(x) ∩ (V3 ∪ V4) with g
′(bi) > 0, where i ∈ [2] , then g
∗(x) ≥ 0.
Case 1 Let b ∈ U . Let b1 ∈ N(x) ∩ U 6= ∅ and N(b1) = {x1, x2, x3, b11}, where {x1, x2, x3} ∈ V
′
2
and b11 ∈ (V3 ∪ V4). Since G[N(b1)] is not a star and e(G[N(b1)]) ≥ 3, we may assume that
x1b11, x2x3, x2b11 ∈ E(G), x1, x2 ∈ V13 and x3 ∈ V24 by Proposition 3.1 (ii). Since b1a1 /∈ E(G),
we consider the cases of K2,2 between N(b1) and N(a1). If {x1, x2} ∼ {y1, y2}, where y1, y2 ∈
N(a1) ∩ V3, then g
∗(x1) ≥ 0 and g
∗(x2) ≥ 0. We let b1 send 0.5 charges to x3, thus g
∗(x3) ≥ 0.
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If {x3, b11} ∼ {a2, y1}, where y1 ∈ N(a1) ∩ (V3 ∪ V4), then g
′(b11) ≥ 1. We let b11 send 0.5
charges to x1 and x2, respectively, and b1 send 0.5 charges to x3. Thus g
∗(xi) ≥ 0 for i ∈ [3]. If
{x1, b11} ∼ {y1, y2}, where y1 ∈ N(a1) ∩ (V3 ∪ V4), then g
∗(x1) ≥ 0 by taking 0.5 charges from y1
and y2. Since g
′(b11) ≥ 0.5 and g
′(b1) ≥ 0.5, g
∗(x2) ≥ 0 and g
∗(x3) ≥ 0. We denote the cases
{x3, b11} ∼ {a2, x2} and {x3, b11} ∼ {x2, y1} as A and B, where y1 ∈ N(a1)∩ (V3∪V4), respectively.
Since b1a4 /∈ E(G), the cases are the same as above. We denote the cases A and B as A
′ and B′
correspondingly. Clearly, if A, B, A′ and B′ occur independently, then we obtain g∗(xi) ≥ 0 for
i ∈ [3]. Suppose that two of them occur. Notice that A and A′ cannot occur at the same time. If
A and B′ (or B and A′) occur, then g′(b11) ≥ 1. Since g
′(b1) ≥ 0.5, g
∗(xi) ≥ 0 for i ∈ [3]. If B and
B′ occur, then g′(b11) ≥ 0.5, and x2 and x3 take 0.25 charges from some y ∈ V3. Thus g
∗(xi) ≥ 0
for i ∈ [3]. This complete the proof of Case 1.
By symmetry, we only need to consider the vertices in V ′2 ∩ (V34 ∪ V24 ∪ V23). If x1 ∈ V
′
2 ∩ V34,
then x11 ∈ V24 and g
′(x11) ≥ 0, where x11 = N(x1) ∩ V2. Suppose that d(x1) = 4. Let N(x1) =
{a3, a4, x11, b1}. Since G[N(x1)] is not a star and e(N(x1)) ≥ 3, either b1a3 ∈ E(G) or x11b1 ∈ E(G).
We first consider the case when b1x11 ∈ E(G). For any x ∈ N(b1) ∩ V
′
2 , we let b1 send 0.5 charges
to x. Thus g∗(b1) ≥ 0 and g
∗(x) ≥ 0 if g′(b1) ≥ 1 or |N(b1) ∩ V
′
2 | = 1 when g
′(b1) = 0.5. If
|N(b1)∩V
′
2 | = 2 and g
′(b1) = 0.5, then b1 ∈ V4 and d(b1) = 4. Let N(b1) = {x1, x11, x2, b11}, where
b11 ∈ (V3 ∪ V4) and x2 ∈ V
′
2 ∩ (V34 ∪ V24). Since G[N(b1)] is not a star and e(N(b1)) ≥ 3, either
x1x11x2b11 or x1x11b11x2 is a P4 by Claim 3.3. Since b1a1 /∈ E(G), we consider the cases of K2,2
between N(b1) andN(a1) as shown in Table 4. Let {x3, x4} ⊆ N(a1)∩V2 and {y11, y12} ⊆ N(a1)∩V3
if they exist.
Table 4: The cases of K2,2 between N(b1) and N(a1). Here × means that the case is impossible.
b1
a1 {a2, x3} {a2, y11} {x3, x4} {x3, y11} {y11, y12}
{x11, b11} A B C G G
{x2, b11} D E × F F
{x2, x11} × F × F F
A: If x11b11 /∈ E(G), then x11x2 ∈ E(G) and x2 ∈ V34. If x3 ∈ V
′
2 , then d(b11) ≥ 5 and g
′(b11) ≥ 1
since there is no edges in {a2, x2, x3}. If x11b11 ∈ E(G), then {a2, x11, x2, x3, b1} ⊆ N(b11)
and g′(b11) ≥ 1. So g
∗(x2) ≥ 0 by taking 0.5 charges from b11.
B: Since {x2, a2, b1, y11} ⊆ N(b11) and x2 ∈ V34 ∪ V24, g
′(b11) ≥ 1 by Proposition 3.1 (ii). Thus
g∗(x2) ≥ 0 by taking 0.5 charges from b11.
C: Since x11 ∈ V24, |{x3, x4} ∩ V13| ≤ 1. Thus g
′(xi) ≥ 0 for some i ∈ {3, 4}. Since g
′(b11) ≥ 0.5
and g′(x11) ≥ 0.5, g
∗(x2) ≥ 0 by taking 0.5 charges from b11.
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D: Since {a2, x2, x3, b1} ⊆ N(b11) and a2x3 /∈ E(G), d(b11) ≥ 5 and g
′(b11) ≥ 1. Thus g
∗(x2) ≥ 0
by taking 0.5 charges from b11.
E: Since g′(b11) ≥ 1, g
∗(x2) ≥ 0 by taking 0.5 charges from b11.
F : Since {x2, a1, b11} ⊆ N(y11) and x2 ∈ V34 ∪ V24, d(y11) ≥ 5 and g
′(y11) ≥ 1. Thus g
∗(x2) ≥ 0
by taking 0.5 charges from y21.
G: If b11x11 ∈ E(G), then g
∗(x2) ≥ 0 by taking 0.5 charges from b11. If b11x11 /∈ E(G), then
x2x11 ∈ E(G) and x2 ∈ V34. Since b1a3 /∈ E(G), we consider the cases of K2,2 between N(b1)
and N(a3). Let {y31, y32} ⊆ N(a1)∩ V3 if they exists. if {x11, x2} ∼ {∗, y31}, then g
∗(x2) ≥ 0
by taking 0.5 charges from y31. If {∗, b11} ∼ {∗, y31}, then g
∗(x2) ≥ 0 by taking 0.5 charges
from b11.
In each case, we let b1 sent 0.5 charges to x1. Thus g
∗(x1) ≥ 0.
Now we consider the case when b1x11 /∈ E(G) and b1a3 ∈ E(G). If d(b1) ≥ 5 or there exists
x2 ∈ N(b1) ∩ V2 with g
′(x2) ≥ 0 when d(b1) = 4 , then g
∗(x1) ≥ 0 by taking 0.5 charges from
b1. So we assume that d(b1) = 4 and N(b1) ∩ V
′
2 = N(b1) ∩ V2. Let N(b1) = {a3, x1, x2, b11} or
N(b1) = {a3, x1, x2, x21}. In the former case, we have b11x2 ∈ E(G). Since a1b1 /∈ E(G), we consider
the cases of K2,2 between N(b1) and N(a1). Let {x3, x4} ⊆ N(a1)∩V2 and {y11, y12} ⊆ N(a1)∩V3
if they exists. If {a2, ∗} ∼ {∗, b11}, then x2 ∈ V34 and |N(b11)∩V2| ≥ 2. Let x3 ∈ N(b11)∩V2 \{x2}
and x3 ∈ V13 ∪ V34. Since there is no edge in {a2, x3, x2}, d(b11) ≥ 5 and g
∗(x2) ≥ 0 by taking 0.5
charges from b11. If {∗, x2} ∼ {y11, y12}, then g
∗(x2) ≥ 0 by taking 0.25 charges from y1i, where
i ∈ [2]. If {a3, b11} ∼ {x3, x4}, then g
′(xi) ≥ 0 for i ∈ {3, 4} when d(b11) = 4 and g
′(b11) ≥ 1.5 when
d(b11) ≥ 6. Thus g
∗(x2) ≥ 0 by taking 0.5 charges from b11. When d(b11) = 5 and {x2, x3, x4} ⊆ V
′
2 ,
if b11a3 ∈ E(G) or b11a1 ∈ E(G), then g
′(b11) ≥ 1.5 and g
∗(x2) ≥ 0 by taking 0.5 charges from b11. If
b11a3 /∈ E(G), then x2a3 ∈ E(G) and x2 ∈ V34. Let N(b11) = {x2, x3, x4, b1, b111}. If b11a1 /∈ E(G),
then there must be {xj , ∗} ∼ {y11, y12}, where j ∈ {2, 3, 4} and {y11, y12} ⊆ N(a1) ∩ V3. Thus
g∗(x2) ≥ 0 by taking 0.5 charges from b11. Similarly, we have g
∗(x1) ≥ 0 by taking 0.5 charges from
b1 in each case.
In the latter case, we have x2x21 ∈ E(G). Since x2, x21 ∈ V
′
2 , x2 ∈ V24 and x21 ∈ V13. Since
b1a2 /∈ E(G), we have {x2, ∗}(or{x21, ∗}) ∼ {y21, y22}. Thus g
∗(x) ≥ 0 for x ∈ N(b1)∩V2 by taking
1 charges from b1 and 0.25 charges from y2i, where i ∈ [2].
For x1 ∈ V
′
2 ∩ V34, we consider d(x1) ≥ 5 and there exists z1 ∈ N(x1) ∩ V4 such that g
′(z1) = 0.
Let N(z1) = {x1, x2, z11, z12} and z11xi ∈ E(G) for some i ∈ [2]. Note that {a3, a4} ⊆ N(x2) ∩ V1.
Since z1a1 /∈ E(G), we consider the cases of K2,2 between N(z1) and N(a1) as shown in Table 5.
Let {x3, x4} ⊆ N(a1) ∩ V2 and {y11, y12} ⊆ N(a1) ∩ V3 if they exist.
A: Since g′(y1i) > 0 for i ∈ [2], g
∗(xj) ≥ 0 for j ∈ [2].
B,C: In the case of B, we have g′(z11) ≥ 0.5, g
′(x3) ≥ 0 and g
′(x2) ≥ 0. In the case of C, we have
g′(xj) ≥ 0 for j ∈ {2, 3, 4}. If z11x1 ∈ E(G), then g
∗(x1) ≥ 0 by taking 0.5 charges from z11.
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Table 5: The cases of K2,2 between N(z1) and N(a1). Here × means that the case is impossible.
z1
a1 {a2, x3} {a2, y11} {x3, x4} {x3, y11} {y11, y12}
{x1, x2} × × × × A
{x1, z11} × × × × A
{x2, z11} B B C D D
{z11, z12} D D D D D
If z11x2 ∈ E(G), then z11 can send 0.25 charges to z1. So g
∗(x1) ≥ 0 by taking 0.25 charges
from z1.
D: Since z1a3 /∈ E(G), we consider the cases of K2,2 between N(z1) and N(a3) as shown in Table
6. Let {x5, x6} ⊆ N(a1) ∩ V2 and {y31, y32} ⊆ N(a1) ∩ V3 if they exist.
Table 6: The cases of K2,2 between N(z1) and N(a3). Here × means that the case is impossible.
z1
a3 {a2, x5} {a2, y31} {a4, x5} {a4, y31} {x5, x6} {x5, y31} {y31, y32}
{x1, x2} × × × F × × E
{x1, z1i} × × × F × × E
{x2, z1i} F F F F F F F
{z11, z12} F F F F F F F
E: Since g′(y31) ≥ 0, g
∗(xi) ≥ 0 for i ∈ [2].
F : In each case of D, we have g∗(x1) ≥ 0.
For x1 ∈ V
′
2 ∩ V13, we have d(x1) ≥ 5 since there is no edge in {a1, a3, x11}. By Claim 3.3, we
may assume that there exists b1 ∈ N(x1) ∩ (V3 ∪ V4) with g
′(b1) = 0. If b1 ∈ V3, then N(b1) =
{a2, x1, b11, b12}, where {b11, b12} = N(b1)∩ (V3∪V4). If |V
′
13| ≥ 1, then there exists x2 ∈ V24 \{x11}
by Case 1. Since b1x2 /∈ E(G), we consider the cases of K2,2 between N(b1) and N(x2) as shown in
Table 7. Let {x3, x4} ⊆ N(x2) ∩ V2 and {b3, b4} ⊆ N(x2) ∩ (V3 ∪ V4) if they exist.
A: Since g′(b3) ≥ 0.5 and g
′(x2) ≥ 0, g
∗(x1) ≥ 0 by taking 0.5 charges from b3.
B: Since g′(b3) ≥ 0.5 and g
′(b4) ≥ 0.5, g
∗(x1) ≥ 0 by taking 0.25 charges from bi for i ∈ {3, 4}.
C: Since b1a1 /∈ E(G), we consider the cases of K2,2 between N(b1) and N(a1) as shown in Table
8. Let {x3, x4} ⊆ N(x2) ∩ V2 and {b3, b4} ⊆ N(a1) ∩ (V3 ∪ V4) if they exist.
20
Table 7: The cases of K2,2 between N(b1) and N(x2)
b1
x2 {a2, x3} {a2, b3} {a4, x3} {a4, b3} {x3, x4} {x3, b3} {b3, b4}
{x1, a2} × × × × × A B
{a2, b11} × × × × C C C
{x1, b11} × × × × × C B
{b11, b12} C C C C C C C
C1: Since g
′(b3) ≥ 0.5 and g
′(b4) ≥ 0.5, then g
∗(x1) ≥ 0.
C2: When each C and C2 occur together, we have g
∗(x1) ≥ 0.
Table 8: The cases of K2,2 between N(b1) and N(a1)
b1
a1 {a2, x3} {a2, b3} {x3, b3} {b3, b4}
{x1, a2} × × × ×
{a2, b11} × × × ×
{x1, b11} × × × C1
{b11, b12} C2 C2 C2 C2
When b1 ∈ V4, let N(b1) = {x1, x2, b11, b12}, where {a1, a3} ⊆ N(x2) ∩ V1 and {b11, b12} =
N(b1)∩ (V3 ∪ V4). Since G[N(b1)] 6= K1,3 and e(G[N(b1)]) ≥ 3, b11xi ∈ E(G) and b12xi ∈ E(G) for
i, j ∈ [2]. Since b1a4 /∈ E(G), we consider the cases of K2,2 between N(b1) and N(a4) as shown in
Table 9. Let {x3, x4} ⊆ N(a4) ∩ V2 and {y41, y42} ⊆ N(a4) ∩ (V3 ∪ V4) if they exist.
Table 9: The cases of K2,2 between N(b1) and N(a4)
b1
a4 {a3, x3} {a3, y41} {x3, x4} {x3, y41} {y41, y42}
{x1, x2} × A × × B
{x1, b11} C A × A B
{x2, b11} C × D C C
{b11, b12} C C C C C
A: In this case, we have {a4, x1, xi} ⊆ N(y41), where {a1, a3} ⊆ N(xi)∩V1. If xia4 ∈ E(G), then
g′(xi) ≥ 0 and g
∗(x1) ≥ 0 by taking 0.5 charges from y41. If x2a4 /∈ E(G), there is no edges
in {a4, x1, x2}, then d(y41) ≥ 5, g
′(y41) ≥ 1 and g
∗(x1) ≥ 0.
21
B: Since g′(y4i) ≥ 0.5 for i ∈ [2], g
∗(x1) ≥ 0 and g
∗(x2) ≥ 0.
C: If {x1, x2} ⊆ N(b11) ∩N(b12), then we have g
∗(xi) ≥ 0 for i ∈ [2] When {x1, x2} * N(b11) ∩
N(b12), since b1a1 /∈ E(G), we consider the cases of K2,2 between N(b1) and N(a1) as shown
in Table 10. Let {x5, x6} ⊆ N(a1) ∩ V2 and {y11, y12} ⊆ N(a1) ∩ (V3 ∪ V4) if they exist.
E: We have g∗(x1) ≥ 0 for each C and E.
F : Since g′(y1j) ≥ 0.5 for j ∈ [2], g
∗(x1) ≥ 0 and g
∗(x2) ≥ 0.
D: Since x3x2 ∈ E(G) and x2x4 ∈ E(G), g
′(x2) ≥ 0. If x3 ∈ V
′
2 , then x3 ∈ V24 and x4 /∈ V24
by Case 1. Thus there exists xi for i ∈ {3, 4} such that g
′(xi) ≥ 0. Since there is no edge
in {x3, x4, b1}, d(b11) ≥ 5 and g
′(b11) ≥ 1. Thus if b11x1 ∈ E(G), then g
∗(x1) ≥ 0 by taking
0.5 charges from b11; if b11x2 ∈ E(G), then b11 can send 0.5 charges to b1 and g
∗(x1) ≥ 0 by
taking 0.5 charges from b11.
Table 10: The cases of K2,2 between N(b1) and N(a1)
b1
a1 {a2, x5} {a2, y11} {x5, x6} {x5, y11} {y11, y12}
{x1, x2} × × × × F
{x1, b11} × × × × E
{x2, b11} E E E E E
{b11, b12} E E E E E
Claim 11 When G[V1 \ {a}] = C3 ∪K1 and C3 = a1a2a3.
Proof. For any x1 ∈ V
′
2 , if b1 ∈ N(x1) ∩ (V3 ∪ V4) with g
′(b1) ≥ 0.5, then b1 can send at least 0.25
charges to x1 except b1 ∈ V4 and N(b1) = {x1, x2, x21, b11}, where x1, x2 ∈ V12, x21 ∈ V23 ∪ V13 and
{x2, x21, b11} is a cycle. We consider such a special vertex b1. Since b1a4 /∈ E(G) and the case of
K2,2 between b1 and a4 can only be {x, b11} ∼ {y31, y31}, where x ∈ {x1, x2, x21}, g
′(b11) ≥ 1.5,
g∗(x2) ≥ 0 and g
∗(x11) ≥ 0. Thus g
∗(x1) ≥ 0. For any x1 ∈ V
′
12, we have x11 ∈ V23 ∪ V13.
When d(x1) = 4 and x11 ∈ V23, let N(x1) = {a1, a2, x11, b1}, since a1x2 /∈ E(G), {a2, x11, b1}
induces a cycle. If d(b1) ≥ 5, then |N(b1) ∩ V2| ≥ 3 and g
′(b1) ≥ 1.5. Thus g
∗(x1) ≥ 0. When
d(b1) = 4, let N(b1) = {a2, x11, x1, x2} where x2 ∈ V12∪V23. We may assume that {x1, x2, x11} ⊆ V
′
2
otherwise we are done. Since b1a4 /∈ E(G) and the case of K2,2 between b1 and a4 can only be
{xi, xj} ∼ {y41, y42}, where {xi, xj} ⊆ {x1, x2, x11} and {y41, y42} ⊆ N(a4) ∩ V4, g
∗(x1) ≥ 0.
Next we consider x1 ∈ V
′
12 with d(x1) ≥ 5. If x1 has at least two positive neighbors, then
g∗(x1) ≥ 0. Otherwise, there exists b1 ∈ N(x1) ∩ (V3 ∪ V4) with g
′(b1) = 0. When b1 ∈ V3,
let N(b1) = {a3, x1, b11, b12}, where {b11, b12} ⊆ N(b1) ∩ (V3 ∪ V4) and either {x1, b11, b12} or
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{a3, b11, b12} induces a cycle. Since b1a4 /∈ E(G), we consider the cases of K2,2 between b1 and
a4. Suppose that {∗, b11} ∼ {x4, x5}. If {x1, b11, b12} induces a cycle, then g
′(b1i) ≥ 1 for i ∈ [2].
Thus g∗(x1) ≥ 0. If {a3, b11, b12} induces a cycle, then g
′(b1i) ≥ 1for i ∈ [2] and b1i can send 0.25
charges to x4 and x5, respectively. Thus g
∗(x4) ≥ 0 and g
∗(x5) ≥ 0. Hence, b11 can send 0.5
charges to b1 and g
∗(x1) ≥ 0. Suppose that {x1, b11} ∼ {y4, y5}. Since g
′(y4) ≥ 0 and g
′(y5) ≥ 0,
g∗(x1) ≥ 0. Suppose that {b11, b12} ∼ {x4, y4}. If {x1, b11, b12} induces a cycle, then
′(b1i) ≥ 0.5
for i ∈ [2]. Thus g∗(x1) ≥ 0. If {a3, b11, b12} induces a cycle, then g
′(b1i) ≥ 0.5 and the equality
holds when |N(b1i) ∩ V2| = 1 . Thus b11 can send 0.5 charges to b1 and g
∗(x1) ≥ 0. Suppose that
{b11, b12} ∼ {y4, y5}. If {x1, b11, b12} induces a cycle, then g
′(b1i) ≥ 0.5 for i ∈ [2]. Thus g
∗(x1) ≥ 0.
If {a3, b11, b12} induces a cycle, then b11 can send 0.5 charges to b1 since |N(b11) ∩ V3| ≥ 4. Thus
g∗(x1) ≥ 0.
When b1 ∈ V4, let N(b1) = {x1, x2, b11, b12} where {x1, x2} ⊆ V12, then either {x1, b11, b12} or
{x2, b11, b12} is a cycle. Since b1a4 /∈ E(G), if {x1, x2} ∼ {y41, y42}, then g
∗(xi) ≥ 0, i ∈ [2]. If
{x1(x2), b11} ∼ {y41, y42}, then g
∗(x1) ≥ 0, when b11x2 ∈ E(G), then g
∗(x2) ≥ 0; when b11x2 /∈
E(G), then {b11, b12, x1} is a K3 and g
′(b11) ≥ 1 and b11 can send 0.5 to b1, thus g
∗(x2) ≥ 0.
If {x2, b11} ∼ {x3, y41}, then g
′(x2) ≥ 0, g
′(b11) ≥ 1 and if x1b11 ∈ E(G), then g
∗(x1) ≥ 0; if
x2b11 ∈ E(G), then b11 can send 0.5 charges to b1, thus g
∗(x1) ≥ 0. If {x2, b11} ∼ {x3, x4},
since b1a1 /∈ E(G), when {b11, x2} ∼ {x5, x6}, if {x3, x4} = {x5, x6}, then g
′(xj) ≥ 0, j ∈ {3, 4}
and b11 can send 0.5 charges to b1, thus g
∗(x1) ≥ 0; if {x3, x4} 6= {x5, x6}, then g
′(b11) ≥ 2 and
g∗(x1) ≥ 0. When {∗, b11} ∼ {y11, ∗}, then g
′(b11) ≥ 1.5, then g
∗(x1) ≥ 0. If {b11, b12} ∼ {∗, y41},
then g′(b1i) ≥ 0.5, i ∈ [2] and g
∗(xi) ≥ 0, i ∈ [2]. If {b11, b12} ∼ {x3, x4}, if x2 /∈ {x3, x4}, then
g∗(xi) ≥ 0, i ∈ [2]. If x2 ∈ {x3, x4}, sicne b1a1, b1a2 /∈ E(G), when {x1, ∗} ∼ {y41, y42}, then
g∗(x1) ≥ 0; when {b11, ∗} ∼ {x1, ∗}, then g
∗(x1) ≥ 0.
Since e(V1) ≥ 7, we need to prove w2 + w3 + w4 ≥ −1.5. For x1 ∈ V
′
i4, i ∈ [3], if there are two
positive neighbors of x1, then g
∗(x1) ≥ 0. Otherwise, there exists z1 ∈ N(x1) ∩ V4 with g
′(z1) = 0.
Then we consider there are at least four such vertices. Let N(z1) = {x1, x2, z11, z12}. There exists
x3 ∈ Vkj, k, j ∈ [3] and x31 ∈ N(x3) ∩ V
′
i4, i ∈ [2]. We can choose x3 such that x3 /∈ N(x1).
Since z1x3 /∈ E(G), when {x1, x2} ∼ {∗, b31}, i ∈ [3] where b31 ∈ N(x3) ∩ (V3 ∪ V4), because
d(b31) 6= 4, g
′(b31) ≥ 1 and g
′(x3) ≥ 0, thus g
∗(x1) ≥ 0 and g
∗(x2) ≥ 0. When {x2, z11} ∼ {ai, x31},
{ai, xt, x31, z12} ⊆ N(z11), t ∈ [2], then d(z11) ≥ 5, g
′(z11) ≥ 1 and z11 can send 0.5 charges to
z1, thus g
∗(xt) ≥ 0, t ∈ [2]. When {x2, z11} ∼ {ai, b31}, then |N(z11) ∩ V2| ≥ 2, g
′(z11) ≥ 1 and
{x2, z11, x3} ⊆ N(b31), if d(b31) = 4 or d(b31) ≥ 5, we have g
∗(x1) ≥ 0 and g
∗(x2) ≥ 0. When
{z11, z12} ∼ {b31, b32}, then g
′(b1i) ≥ 1, i ∈ [2] and g
∗(xi) ≥ 0, i ∈ [2]. When {z11, z12} ∼ {x2, x31},
then we choose x3 = x11. When {z11, z12} ∼ {b31, x31}, then g
′(z1i) ≥ 0.5, i ∈ [2] and we can choose
x4, thus g
∗(xi) ≥ 0, i ∈ [2].
Claim 12 When E(G[V1 \ {a}]) = {a1a2, a2a3, a3a4, a1a3}, w
′
2 + w
′
3 + w
′
4 ≥ −2.5.
Proof. By symmetry, we only need to consider the vertices in V ′2 ∩ (V12 ∪ V13 ∪ V14 ∪ V34). For any
23
b1 ∈ N(x1) ∩ (V3 ∪ V4) where x1 ∈ V
′
2 , if g
′(b1) ≥ 0.5, then b1 can send at least 0.25 charges to
x1 except N(b1) = {x1, x2, x21, b11}, where {x1, x2, x21} ⊆ V
′
2 and b11 ∈ N(x1) ∩ (V3 ∪ V4). Since
e(G[N(b1)]) ≥ 4, {x1, x2, x21} ⊆ N(b11). Since b1a4 /∈ E(G), we consider the cases of K2,2 between
b1 and a4. If {∗, b11} ∼ {a3, ∗}, then g
′(b11) ≥ 1.5 and g
∗(x) ≥ 0 for any x ∈ {x1, x2, x21}. If
{x1, b11} ∼ {∗, y41} where y41 ∈ (N(x1) ∩ V3), g
′(b11) ≥ 1 when d(y41) = 4, |N(y41) ∩ V
′
2 | ≤ 1,
then g∗(x) ≥ 0, x ∈ {x1, x2, x21}; when d(y41) ≥ 5, g
′(y41) ≥ 1, then g
∗(x) ≥ 0, x ∈ {x1, x2, x21}.
If {x1, x2} ∼ {y41, y42} or {x1, x21} ∼ {y41, y42} or {x2, x21} ∼ {y41, y42}, then g
∗(x) ≥ 0 for any
x ∈ {x1, x2, x21}.
When d(x1) = 4, let N(x1) = {ai, aj , x11, b1}. Since e(G[N(x1)]) ≥ 4, {aj , x11, b1} ⊆ N(ai) for
some i ∈ [2] and when x11 ∈ V
′
2 , ai 6= a4. If d(b1) ≥ 5, then g
′(b1) ≥ 1 and g
∗(x1) ≥ 0. When
d(b1) = 4, let N(b1) = {ai, x11, x1, b11} or N(b1) = {ai, x11, x1, x2}. assume that N(b1) ∩ V2 =
N(b1) ∩ V
′
2 . (Otherwise, g
∗(x1) ≥ 0.) Since b1a4 /∈ E(G), we consider the cases of K2,2 between
b1 and a4. If {∗, x} ∼ {a41, a42} where x ∈ {x1, x11, x2} and {a41, a42} ⊆ N(a4) ∩ (V2 ∪ V3),
then g∗(x) ≥ 0 and g∗(x1) ≥ 0. If {ai, b11} ∼ {a41, a42} and N(b1) = {a1, x11, x1, b11}, then
b11a1 ∈ E(G), b11x11 ∈ E(G), g
′(b11) ≥ 1.5 and g
∗(x11) ≥ 0. Thus g
∗(x1) ≥ 0.
When d(x1) ≥ 5, if x1 has two positive neighbors, then g
∗(x1) ≥ 0. Otherwise, there exists
b1 ∈ N(x1)∩ (V3∪V4) with g
′(b1) = 0. If b1 ∈ V3, then N(b1) = {ak, x1, b11, b12} and e(G[N(b1)]) ≥
4. Thus {akb11, akb12, b11b12, akx1} ⊆ E(G[N(b1)]) or {x1b11, x1b12, b11b12, akb11} ⊆ E(G[N(b1)])
or {akb11, akb12, b11x1, x1b12} ⊆ E(G[N(b1)]). Since b1a4 /∈ E(G), we consider the cases of K2,2
between b1 and a4. If {x1, ∗} ∼ {y41, y42}, then g
∗(x1) ≥ 0. If {b11, b12} ∼ {x4, x5}, then there exists
b11 such that {ak, x1, (x4), x5, b1, b12} ⊆ N(b11) (x1 ∈ {x4, x5}) or {ak, x1, (x4), x5, b1} ⊆ N(b1i),
i ∈ [2]. Thus g∗(b11) ≥ 1 or g
′(b1i) ≥ 0.5. Therefore, g
∗(x1) ≥ 0. If {b11, b12} ∼ {x4, y41}, when
b11b12 ∈ E(G), there exists b11 such that {ak, x1, (x4), y41, b1, b12} ⊆ N(b1i) (x4 = x1), i ∈ [2]. then
g′(b1i) ≥ 0.5 and g
∗(x1) ≥ 0. When b11b12 /∈ E(G), if d(b1i) = 4, then y41x1 ∈ E(G), g
′(y41) ≥ 1 and
g∗(x1) ≥ 0. If {b11, b12} ∼ {y41, y42}, then there exists b11 such that {a3, x1, y41, y42, b1} ⊆ N(b11).
Thus g∗(b11) ≥ 0.5 and g
∗(x1) ≥ 0.
If {ak, b11} ∼ {a41, a42} where a41, a42 ∈ N(a4)∩V2, x1 /∈ {a41, a42}, whenN(b11) = {a41, a42, x1,
b12, b1}, we consider b11ak /∈ E(G), if {a41, a42} ∼ {yk1, ∗} where yk1 ∈ N(ak) ∩ V3, then g
′(yk1) ≥
0.5, then g∗(x1) ≥ 0. If {∗, b12} ∼ {∗, ∗}, then g
′(b12) ≥ 0.5, then g
∗(x1) ≥ 0. If {x1, a41} ∼ {y41, ∗},
then g∗(x1) ≥ 0.
If b1 ∈ V4, let N(b1) = {x1, x2, b11, b12} and e(G[N(b1)]) ≥ 4, then {x1b11, b11b12, b12x1, b11x2} ⊆
E(G) or {x2b11, b11b12, b12x2, b11x1} ⊆ E(G) or {x1b11, x1b12, b12x2, b11x2} ⊆ E(G). Denote A1 =
V ′12∪V
′
13∪V
′
14 and A2 = V
′
24∪V
′
34∪V
′
23. Then for any x1, x2 ∈ Ai, i ∈ [2], we have x1x2 /∈ E(G). We
may assume that |V ′2 | ≥ 6 and there exists |Ai| ≥ 3, say A1. There is x1 ∈ A1 with z1 ∈ N(x1)∩V4
and g′(z1) = 0. LetN(z1) = {x1, x2, z11, z12} and there exists x3 ∈ A1\{x1, x2} with z2 ∈ N(x3)∩V4
and g′(z2) = 0. Let N(z2) = {x3, x4, z21, z22}. Since z1z2 /∈ E(G), when {x1, x2} ∼ {z21, z22},
g′(z2i) ≥ 1, i ∈ [2] and g
∗(xj) ≥ 0, j ∈ [4]. When {x2, z11} ∼ {x4, z21}, g
′(z11) ≥ 0.5 and
g∗(x1) ≥ 0 and g
∗(x3) ≥ 0. When {x2, z11} ∼ {z21, z22}, g
′(z11) ≥ 0.5 and if x2 6= x4, then
N(x1) ∩ V1 6= N(x3) ∩ V1, g
′(z2i) ≥ 1, i ∈ [2], thus g
∗(xi) ≥ 0, i ∈ [4]; if x4 = x2, then there eixsts
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x5 ∈ A1 with z3 ∈ N(x5)∩V4 and g
′(z3) = 0, we have g
′(z12) ≥ 0.5 or g
′(z11) ≥ 1.5, thus g
∗(xi) ≥ 0,
i ∈ [4]. When {z11, z12} ∼ {z21, z22}, then g
′(zij) ≥ 0.5, i, j ∈ [2], thus g
∗(xk) ≥ 0, k ∈ [2].
Claim 13 When G[V1 \ {a}] contains a copy of K2,2, say {a1, a2} ∼ {a3, a4}, w
′
2 + w
′
3 + w
′
4 ≥
1.5 − e(G[V1 \ {a}]).
Proof. Suppose that e(G[V1]) = 10. By the choice of a, we have G[N(v)] is a copy of K4 for any
d(v) = 4. We shall prove w′2 + w
′
3 + w
′
4 ≥ −4.5. If V2 = Vij, assume that that V2 = V12, then we
require |V ′2 | ≥ 5 with the equality holds if and only if x1 ∈ V
′
2 and g
′(x1) = −1. For any x1 ∈ V
′
2
and y ∈ N(x1) ∩ V3, we have d(y) ≥ 5 and g
′(y) ≥ max{|N(y) ∩ V2 + 2, 3.5|}. Let x1 ∈ V
′
2 and
z ∈ N(x1) ∩ V4. If g
′(z) = 0, then x1 ∈ V
−0.5
2 and z ∈ N(x1) ∩ N(x11), where x11 ∈ N(x1) ∩ V2.
Note that for any x ∈ V −12 , we have d(z) ≥ 5 for any z ∈ N(x)∩V4. In the following, we redistribute
the charges of vertices. Let g∗(v) denote the new charge of v ∈ V (G).
(R1): For any y ∈ V3, y sends 0.5 charges to each of its neighbors in V
′
2 .
(R2): For any z ∈ V4 and g
′(z) > 0, z sends 0.25 charges to each of its neighbors in V ′2 .
Suppose that N(x) ∩ V3 6= ∅ for x ∈ V
′
2 . Obviously, d(x) ≥ 5 and g
∗(x) ≥ 0 for any x ∈ V −0.52
or x ∈ V −12 and |N(x) ∩ V3| ≥ 2. If |N(x) ∩ V3| = 1 for x ∈ V
−1
2 , then d(x) ≥ 5 by the choice of a,
and so g∗(x) ≥ 0. Since g′(y) ≥ max{|N(y)∩ V2 +2, 3.5|} and g
′(z) ≥ |N(z)∩ V2|+0.5|N(z) ∩ V4|,
g∗(y) ≥ 0 and g∗(z) ≥ 0.
Suppose that N(x) ∩ V3 = ∅ for x ∈ V
′
2 . Obviously, we have d(x) ≥ 5. Now we want to prove
g∗(x) ≥ 0 if x ∈ V −0.52 . If there are at least two vertices z ∈ N(x) ∩ V4 such that g
′(z) ≥ 0.5, then
g∗(x) ≥ 0. Otherwise, let z1 ∈ N(x) with g
′(z1) = 0, say N(z1) = {x, x11, z11, z12}, where x11 ∈
z1 ∩ V2 and {z11, z12} = z1 ∩ V4. Since d(z1) = 4, {z11, z12} ⊆ N(x) and N(x11) ∩ V1 = N(x) ∩ V1,
say N(x) ∈ V12. We may assume that g
′(z11) = 0. For any x
′ ∈ V 22 \ V12, we have x
′z1 /∈ E(G).
At this moment, the neighbors of z1 that can be chosen to form K2,2 are from {x1, x11, z12}. If
|V 22 \ V12| ≥ 4, then either there are two vertices z ∈ N(x) ∩ V4 such that g
′(z) ≥ 0.5 or there is a
vertex z0 ∈ N(x) such that g
′(z) can send 0.5 charges to x. When |V 22 \ V12| ≤ 3 and |V
−0.5
2 | ≥ 3,
assume that x1, x2 ∈ V
−0.5
2 do not satisfy the conditions for x in |V
2
2 \V12| ≥ 4 and x1x2 /∈ E(G). Let
zi ∈ N(xi)∩ V4 with g
′(zi) = 0 and N(zi) = {xi, xi1, zi1, zi2}. Since z1z2 /∈ E(G) and the neighbors
of zi that can be chosen to form K2,2 are from {xi, xi1, zi2}. Thus g
∗(xi) ≥ 0. For any x ∈ V
−1
2 , we
have g′(z) ≥ 0.5 if z ∈ N(x) ∩ V4 and x can receive at least 0.75 charges from its neighbors in V4
since |N(x) ∩ V4| ≥ 3. When |V
2
2 \ V12| ≤ 3 and |V
−0.5
2 | ≤ 2, we only need to consider |V
−1
2 | ≥ 9.
If |N(x) ∩ V4| ≥ 4, then g
∗(x) ≥ 0. If |N(x) ∩ V4| = 3, then there are xi ∈ (V
−1
2 ∩ V12)\{x} such
that xix /∈ E(G), where i ∈ [3]. Thus there exists z1 ∈ N(x) ∩ V4 such that it can send at least 0.5
charges to x.
Assume that e(V1) ≤ 9. For any x1 ∈ V
′
2 , b1 ∈ N(x1) ∩ (V3 ∪ V4) with g
′(b1) ≥ 0.5, then b1
can send at least 0.25 charges to x1. When b1 ∈ N(x1) ∩ V3 with with g
′(b1) ≥ 0.5, if b1 ∈ N(a1),
x1 ∈ V34 ∩ V
−1
2 , {a1} ∼ {a3, a4} and x1a1 /∈ E(G), then b1 can send at least 0.5 charges to x1.
We show that for any x ∈ V ′2 , if there exists y1 ∈ N(x) ∩ V3 with g
′(y1) = 0, then g
∗(x1) ≥ 0.
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Let N(y1) = {a3, x1, y11, y12}. Since x1a3 /∈ E(G), {a3, x1} ∼ {y11, y12}. When there exists
x2 ∈ V
′
2 \ {x1}, x1x2 /∈ E(G) and y2 ∈ N(x2)∩V3 with g
′(y2) = 0. Let N(y2) = {aj , x2, y21, y22}. If
{a3, x1} ∼ {y21, y22}, then N(x1)∩V1 6= N(x2)∩V1 and a3a4 ∈ E(G), it follows that y11y12 ∈ E(G)
and {a2, y21, y22} ∼ {a3, x1, x3}, a contradiction. If {∗, y11} ∼ {y21, y22}, when y11y12 ∈ E(G), then
g′(y11) ≥ 1 and g
∗(x1) ≥ 0; when y11y12 /∈ E(G), then d(y12) ≥ 5 and y11 can send 0.5 charges to
x1, then g
∗(x1) ≥ 0. And g
′(y21) ≥ 0.5, i ∈ [2], thus g
∗(x2) ≥ 0.
When there exists x2 ∈ V
′
2 and z2 ∈ N(x2) ∩ V3 with g
′(z2) = 0, let N(z2) = {x2, x3, z21, z22}.
Since z2y1 /∈ E(G), when {y11, y12} ∼ {x2, x3}, g
′(y1i) ≥ 1.5 and g
∗(x1) ≥ 0. When {y11, y12} ∼
{∗, z21}, g
′(y1i) ≥ 0.5, i ∈ [2] and g
∗(x1) ≥ 0. When {x1, y11} ∼ {x3, z21}, g
′(y11) ≥ 1 and
g∗(x1) ≥ 0. When {x1, y11} ∼ {z21, z22}, g
′(y11) ≥ 0.5 and g
′(z2i) ≥ 0.5, i ∈ [2], thus g
∗(x1) ≥ 0.
when {a3, x1} ∼ {x3, z21}, g
′(z21) ≥ 1 and g
∗(x1) ≥ 0; when {a3, x1} ∼ {z21, z22}, x1 /∈ {x2, x3} for
otherwise there exists z21 such that {x2, x3} ⊆ N(z21), and K3,3 occurs. Then g
′(z2i) ≥ 1, i ∈ [2]
and g∗(x1) ≥ 0.
When {a3, y11} ∼ {∗, ∗}, if y11y12 /∈ E(G), then g
′(y12) ≥ 0.5 and g
∗(x1) ≥ 0; if y11y12 ∈ E(G)
and g′(y12) = 0, then there exists another vertex x4 ∈ V
′
2 and z3 ∈ N(x4) ∩ V4 with g
′(z3) = 0 and
z3y1 /∈ E(G). If {a3, y11} ∼ {x2, x3} and {a3, y11} ∼ {x4, x5}, then there exists {x4, x5} ⊆ V
−0.5
2 ,
g∗(x1) ≥ 0. If {a3, y11} ∼ {x2, x3} and {a3, y11} ∼ {∗, z31}, g
′(y11) ≥ 2.5 and g
′(z31) ≥ 1, then
g∗(x1) ≥ 0. If {a3, y11} ∼ {∗, z21} and {a3, y11} ∼ {∗, z31}, then g
∗(x1) ≥ 0.
Therefore, we just consider x ∈ V ′2 , if b ∈ N(x) ∩ (V3 ∪ V4) with g
′(b) = 0, then b ∈ V4.
When x1 ∈ V
′
2 \ (V12 ∪ V34), then x1 ∈ V
−0.5
2 . If d(x1) = 4, let N(x1) = {a2, a3, x11, b1} where
N(x11)∩V1 6= N(x1)∩V1, then {a2, b1} ∼ {a3, x11}. If d(b1) = 4, then there exists b11 ∈ N(x1)∩V3,
a contradiction. Thus d(b1) ≥ 5 and g
′(b1) ≥ 1 and b1 can send 0.5 charges to x1 and g
∗(x1) ≥ 0.
Therefore, we consider d(x1) ≥ 5. If there exists two positive neighbors of x1, then g
∗(x1) ≥ 0.
Otherwise, there exists z1 ∈ N(x1)∩V4 with g
′(z1) = 0. Let N(z1) = {x1, x2, z11, z12}. Since x1x2 /∈
E(G), {x1, x2} ∼ {z11, z12}. When there exists x3 ∈ V
′
2 and z3 ∈ N(x3) ∩ V4 with g
′(z3) = 0. Let
N(z3) = {x3, x4, z31, z32}. Since z3z1 /∈ E(G), when {x4, z31} ∼ {x1, x2}, if {z31, z32} ∼ {x3, x4},
then g′(z31) ≥ 1.5, g
∗(xi) ≥ 0, i ∈ [2]; if {z31, x3} ∼ {z32, x4}, then g
′(z31) ≥ 1, and g
′(x4) ≥ 0.5,
then g∗(xi) ≥ 0, i ∈ [3]. When {x4, z31} ∼ {x2, z11}, then g
′(z31) ≥ 1 and g
′(z11) ≥ 1, thus
g∗(xi) ≥ 0, i ∈ [2]. When {z31, z32} ∼ {x2, z11}, then g
′(z3i) ≥ 1, i ∈ [2], g
∗(x2) ≥ 0 and
g′(z11) ≥ 0.5 thus g
∗(x2) ≥ 0. When {z31, z32} ∼ {z11, z12}, then g
′(z1i) ≥ 0.5, i ∈ [2], thus
g∗(xi) ≥ 0, i ∈ [2]. Therefore, we just need to consider V
′
12 ∪ V
′
34. If x1 ∈ V
′
12 with d(x1) = 4, let
N(x1) = {a1, a2, b11, b12}, then a1a2 ∈ E(G) for otherwise {a1, a2} ∼ {b11, b12}, which contradict to
x1 ∈ V
′
2 . Thus {a1, b11} ∼ {a2, b12} and there exists b11a1 ∈ E(G). If d(b12) ≥ 5, then g
′(b12) ≥ 1
and g∗(x1) ≥ 0. Then d(b12) = 4, let N(b12) = {a1, x1, b11, b121} and {x1, b121} ∼ {a1, b11}. If
d(b121) ≥ 5, g
∗(b121) ≥ 1 and g
∗(b11) ≥ 0 without b12, thus g
∗(x1) ≥ 0. If d(b121) = 4, then
N(b121) = {a1, b11, b12, y2}. Since y2b12 /∈ E(G), {y2, b12} ∼ {a1, b11}. And since b121a /∈ E(G),
either y2 ∈ V2 or b11 ∈ V12j for some j ∈ {3, 4}. In both cases we have g
′(b11) ≥ 0 and thus
g∗(x1) ≥ 0.
Next we consider the vertices x1 ∈ V
′
2 with d(x1) ≥ 5. When x1 ∈ V
′
12 and z1 ∈ N(x1) ∩ V4
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with g′(z1) = 0, let N(z1) = {x1, x2, z11, z12}. If x1x2 /∈ E(G), then {x1, x2} ∼ {z11, z12}. When
x1x2 ∈ E(G), {x1, x2} ≁ {z11, z12} and {x1, z11} ∼ {x2, z12}. Since z1a1 /∈ E(G), when {x1, x2} ∼
{a11, a12} where a1i ∈ N(a1) ∩ V3, i ∈ [2], then g
∗(xj) ≥ 0, j ∈ [2]. When {x2, z12} ∼ {x1, a11},
then g′(a11) ≥ 0.5 and g
′(z12) ≥ 0.5. When {z11, z12} ∼ {x3, a11}, then g
′(z1i) ≥ 0.5, i ∈ [2].
Since z1a2 /∈ E(G), g
∗(x1) ≥ 0 and g
∗(x2) ≥ 0. Therefore, we consider {x1, x2} ∼ {z11, z12}.
When there exists x3 ∈ (V
′
12 ∪ V
′
34) \ {x1, x2} and z3 ∈ N(x3) ∩ V4 such that g
′(z3) = 0. Let
N(z3) = {x3, x4, z31, z32}. Sicne z1z3 /∈ E(G), when {x2, z11} ∼ {x4, z32}, then x4 ∈ V12 and
since N(z11)∩V12 = {x1, x2}, x4 ∈ {x1, x2} and similarly x2 ∈ {x3, x4}, thus {x1, x2} = {x3, x4}, a
contradiction. When {x2, z11} ∼ {z31, z32}, g
′(z11) ≥ 0.5 and when x3 ∈ V12, since {z3, z11, x2, x3} ⊆
N(z31) and z11x3, z3z11 /∈ E(G), d(z31) ≥ 5 and g
′(z31) ≥ 0.5; when x3 ∈ V34, g
′(z3i) ≥ 1, i ∈ [2].
When {z11, z12} ∼ {z31, z32}, then g
′(z1i) ≥ 0.5 and g
′(z3i) ≥ 0.5, i ∈ [2]. Since there are at least
two such vertices like x3. Thus g
∗(x1) ≥ 0.
If x1 ∈ V
−1
2 ∩ V12 and d(x1) = 5, then g
′(z1) ≥ 0.5 for any z1 ∈ N(x1) ∩ V4. Let N(x1) =
{a1, a2, z1, z2, z3}. There is x2 ∈ V
′
12 for otherwise we can skip this case. Since x1x2 /∈ E(G), when
there are at least four such vertices like x1 in V
′
12, there exists a vertex z1 with |N(z1) ∩ V4| ≥ 4.
Thus z1 can send 0.5 charges to x1, and so g
∗(x1) ≥ 0.
3.4 δ(G) = 5
Since δ(G) = 5, e(G) ≥ 5n/2. Note that when n ≤ 18, e(G) ≥ 3n− 9. So we may assume that that
n ≥ 19. We choose a vertex a such that d(a) = 5 and e(G[V1]) is minimum.
Claim 14
w2 + w3 + w4 ≥ 3.5 − e(G[V1\{a}]). (9)
Proof. We define V 222 = {x ∈ V
2
2 : N(x) ⊆ V1 ∪ V2}.
If V3 = V4 = ∅, then g(x) ≥ 0.5 for any x ∈ V2. Since n ≥ 19, w2 ≥ 0.5 ∗ 13 > 3.5 and so the
claim holds. So V3 ∪ V4 6= ∅. We first show that w3 + w4 ≥ 2. When V4 6= ∅: for any z ∈ V4,
g(z) ≥ 2 if |V4| = 1; g(z) ≥ 1.5 if |V4| = 2; g(z) ≥ 1 if |V4| = 3; g(z) ≥ 0.5 if |V4| ≥ 4. Thus if
V4 6= ∅, then w4 ≥ 2. When V4 = ∅ and V3 6= ∅: for any y ∈ V3, g(y) ≥ 2 if |V3| = 1; g(y) ≥ 1 if
|V3| ≥ 2. Thus if V3 6= ∅, then w3 ≥ 2. Therefore, we can assume that that e(G[V1 \ {a}]) ≤ 1 for
otherwise the claim holds.
If |V 32 | ≥ 2, then g(x) ≥ 1 for any x ∈ V
3
2 , and so the claim holds. So |V
3
2 | ≤ 1. Since G is
K3,3-free, |V
3
2 ∪ V
4
2 ∪ V
5
2 | ≤ 2. By the fact that e(G[V1 \ {a}]) ≤ 1 and Proposition 3.1 (iii), any
vertex in V \ V1 has two neighbors in V2. So |V2| ≥ 3. This implies that V
2
2 6= ∅.
Let |V3| = x and |V4| = y. Next we calculate w2 +w3+w4 by two different ways. On one hand,
when |V 232 ∪ V
24
2 | is smaller than 2|V3 ∪ V4|, we have
w2 + w3 + w4 ≥ 0.5|V
22
2 |+ |V
3
2 |+ 0.5[5(x + y)− 3x− 2y] + 3x+ 2y − 3(x+ y)
= 0.5|V 222 |+ |V
3
2 |+ x+ 0.5y. (10)
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On the other hand, when |V 232 ∪ V
24
2 | is at least 2|V3 ∪ V4|, we have
w2 + w3 + w4 ≥ 0.5|V
22
2 |+ |V
3
2 |+ 0.5{4x + 5y − [n− 6− (x+ y)− |V
22
2 | − |V
3
2 |]}
+ n− 6− (x+ y)− |V 222 | − |V
3
2 | − 3(x+ y)
≥ 0.5|V 32 |+ 2.5(x + y) + 0.5[n − 6− (x+ y)]− 3(x+ y)
≥ 0.5|V 32 |+ 0.5(n − 6)− (x+ y)
≥ 0.5|V 32 |+ 6.5 − 0.5x− y. (11)
Recall that V 22 6= ∅. Without loss of generality, we may assume that that x ∈ V12. Thus
xai /∈ E(G) for i = 3, 4, 5. By Proposition 3.1 (i), there is a K2,2 between N(x) and N(ai) for
i = 3, 4, 5. By considering where the vertices of K2,2 come from, we can find edges that are not
computed in (10). By tedious case analysis, it is not hard to see that these edges contribute 1.5 to
(10). Therefore, we have w2 + w3 + w4 ≥ max{x+ 0.5y + 1.5, 6.5 − 0.5x− y} ≥ 3.5.
This completes the proof.
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